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1 Introduction 

1.1 General context  

Fluid transport through heterogeneous pore matrices over broadly different time and length scales is 
at the heart of many technological and environmental processes [1-10]. Achieving a molecular-level 
description of fluid-solid interactions and the correlated interfacial dynamics as well as fluid diffusion 
through heterogeneous pore matrices would help to build quantitative functionality–morphology–
transport relationships to enable the manufacture of more efficient and selective porous materials 
and processes of their efficient use [11-16]. Atomistic simulations can provide molecular structure and 
dynamics within the interfacial layers, where complex interactions between the porous matrices and 
fluids occur [17-25]. Such simulations, however, tend to be limited to single nano- to meso-pores of 
simple geometry, which falls short of accounting for the porous material complexity at larger length 
scales. At the same time, such classical atomistic simulations are also incapable to describe the 
processes of chemical interaction at the fluid-solid interface, ab-initio quantum mechanical 
simulations may be used for this purpose, but their great computational demand limits such 
simulations to a very small time and length scales [26-27]. On the other hand, at a larger time- and 
length- scales, approaches accounting for the porous material complexity must rely on a simplified 
picture of the confined fluid and its transport properties [28-30]. Achieving a balance between the 
three approaches, operating at three different time- and length- domains remains a challenge, 
especially because different applications require different levels of precision in the predictions, while 
in most cases it is preferable to obtain results at low, to moderate computational costs (e.g., [31-34]). 

Convective motion and molecular diffusion are the two main mechanisms responsible for fluid 
dynamics in porous matrices. Molecular diffusion becomes the dominant mechanism when fluids are 
confined in pores of size comparable to the size of the confined fluid molecules (i.e., in nanopores). 
The geometry of the nano-/meso-pores and their pore apertures as well as pore connectivity play an 
important role in regulating the amount of fluids that cross or enter, respectively, natural porous 
media [35-37]. Because many pores in the subsurface are in this size regime [8], it is crucial to 
understand the mechanisms by which molecular diffusion occurs in nanopores, and when surfaces 
and pore defects strongly affect the transport mechanisms. To illustrate these concepts, we report 
our computational studies for fluid transport in slit-shaped single nanopores, produced by employing 
atomistic molecular dynamics (MD) simulations.  

Bridging the gaps between the results obtained at the surface of a pore, within a single pore, a few 
pores, a few hundreds of pores, and ultimately within complex pore networks, requires the 
development of simulation approaches with high computational efficiency. In principle, atomistic MD 
is able to describe molecular phenomena even when they occur in large systems. However, it requires 
high computational resources, and therefore it can become inefficient and sometimes impractical to 
study fluid transport through heterogeneous porous matrices at length and time scales larger than a 
few nm and several hundreds of ns, respectively [38]. When practical applications require modelling 
such conditions, continuum fluid models, such as the no-slip Hagen–Poiseuille flow equation or 
Darcy’s law, are often employed, although they do not correctly characterize flow within complex 
nanoporous materials because in such systems non-continuum flow phenomena arise, due for 
example to well-ordered molecular structure near solid-liquid interfaces, inaccurate characterization 
of the local viscosity, and interfacial slip [38].  

In Figure 1, we summarise time and length scales in which quantum (ab initio) MD, classical atomistic 
MD simulations as well as Monte Carlo, lattice Boltzmann (LB) method, Kinetic Monte Carlo (KMC), 
macroscopic continuum fluid model and multiple modelling approaches are typically used. Developing 
a computational framework to couple all these techniques remains challenging, but promises the 
ability to capture phenomena that occur at the single-pore level (e.g., edge effects) with larger-scale 
phenomena (e.g., preferential flow pathways) towards truly predicting fluid transport through 
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heterogeneous porous matrices. Note that the shortest time and length scales, one could implement 
quantum mechanics methods to elucidate interactions between fluids and pore surfaces, which could 
for example lead to reactivity. 

We present some promising advances for the development and implementation of multi-scale 
approaches achieved by implementing non-equilibrium MD (NEMD) simulations, coupling MD 
simulations with LB calculations, and Lagrangian particle-tracking simulations. 

 

 

Figure 1 –  Time and length scales in which atomistic MD simulations, lattice Boltzmann method, kinetic Monte Carlo, 
macroscopic continuum fluid model and multiple modelling approaches are used. The approach identified as ‘multiscale’ 

seeks to reconcile the results from the different methods towards describing fluid transport both precisely (e.g., taking into 
consideration molecular phenomena) and effectively (e.g., achieving length scales relevant for the applications). This figure 

was reproduced from Ref. [39]. Copyright 2005 Elsevier B.V. All rights reserved. 

 

1.2 Deliverable objectives 

Deliverable D5.4 “Multi-scale models of fluid behaviour in cement and rock samples” aims to 
understand fluid transport in pore networks via multiple advanced simulation tools, e.g., quantum and 
classical molecular dynamics simulations, lattice Boltzmann methods, as well as Lagrangian particle-
tracking simulations. We are employing these multiscale simulation techniques to obtain an integral 
quantitative understanding of the fluid transport in concrete and rock samples and the failure 
mechanisms of concrete and rocks in subsurface geo-energy operations. 

 

2 Methodological approach 

2.1 Atomistic-scale MD simulations 

Developed by Alder and Wainwright in the late 1950s and Rahman in the early 1960s [40-41], MD is 
considered as a useful approach for computer simulation of multiple-body systems modelled at the 
atomistic level. Atoms in systems interact via forces and potential energies, giving a picture of their 
motion for a period of time. The trajectories of atoms are obtained by solving numerically Newton’s 



Deliverable D5.4 

 

PU Page 10 of 70 Version 6.2 

 

equations of motion. Forces between interacting atoms and potential energy are defined by atomic 
force fields for systems. 

Atomic force field models are built with empirical potentials with a particular functional form, showing 
the physical and chemical properties of the systems of interest. A common force field employed in the 
simulation of systems of N interacting atoms is expressed in the following form: 

𝑈(𝑟1, … , 𝑟𝑁) =  ∑
𝑎𝑖
2

𝑏𝑜𝑛𝑑𝑠

(𝑙𝑖 − 𝑙𝑖0)
2 + ∑

𝑏𝑖
2
(𝜃𝑖 − 𝜃𝑖0)

2 

𝑎𝑛𝑔𝑙𝑒𝑠

+ ∑
𝑐𝑖
2

𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑠

[1 + cos (𝑛𝜔𝑖 − 𝛾𝑖]

+ ∑ 4휀𝑖𝑗 [(
𝜎𝑖𝑗

𝑟𝑖𝑗
)

12

− (
𝜎𝑖𝑗

𝑟𝑖𝑗
)

6

] + ∑ 𝑓
𝑞𝑖𝑞𝑗

휀𝑟𝑟𝑖𝑗
𝑎𝑡𝑜𝑚 𝑝𝑎𝑖𝑟𝑠𝑎𝑡𝑜𝑚 𝑝𝑎𝑖𝑟𝑠

 

 Eq. 1 

The first three terms represent the bonded interactions. The summation indices run over all the bonds, 
angles and torsion angles determined by the covalent structure of the system. Specifically, the first 

two terms describe energies of deformations of the bond length li and bond angle i from the 

equilibrium values li0 and i0, respectively. The harmonic form of these terms (with force constants ai 
and bi) provides the correct chemical structure, but avoids modelling chemical changes (e.g. bond 
breaking). The third term describes rotations around the chemical bond, which are expressed by 
periodic energy terms (with periodicity determined by n and heights of rotational barriers defined by 
ci). The last two terms represent the non-bonded interactions. The fourth term illustrates the van der 
Waals repulsive and attractive (dispersion) interactions between atoms i and j separated by a distance 

rij in the form of the Lennard-Jones 12-6 potential with the diameter  and the well depth . The last 
term is the Coulomb electrostatic potential where qi, qj are the partial atomic charges for atoms i and 

j, 𝑓 =  
1

4𝜋𝜖0
 is Coulomb’s constant with the permittivity of free space 𝜖0 and r is the relative dielectric 

constant. The cross Lennard-Jones term between unlike species is defined by the Lorentz-Berthelot 

combining rules [35]: 𝜎𝑖𝑗 =
𝜎𝑖𝑖+ 𝜎𝑖𝑗

2
 and 휀𝑖𝑗 = √휀𝑖𝑖휀𝑗𝑗  for ideal mixtures. For non-ideal mixtures, for 

example, methane – water mixtures, this cross Lennard-Jones term is obtained from 𝜎𝑖𝑗 =
𝜎𝑖𝑖+ 𝜎𝑖𝑗

2
 and 

휀𝑖𝑗 = (1 − 𝑘𝑖𝑗)√휀𝑖𝑖휀𝑗𝑗 with kij being the solid – fluid binary interaction parameter. 

Based on the potential energy U(r1, …, rN) as a function of their positions 𝑟𝑖 = (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖), the force 
acting upon ith atom is computed by the gradient regarding to atomic displacements as shown:  

𝐹𝑖⃗⃗⃗ =  −∇𝑟𝑖𝑈(𝑟1, … , 𝑟𝑁) =  − (
𝜕𝑈

𝜕𝑥𝑖
,
𝜕𝑈

𝜕𝑦𝑖
,
𝜕𝑈

𝜕𝑧𝑖
)  Eq. 2 

In these works, we used the CLAYFF force field [42] to describe amorphous silica substrates; the 
transferable potentials for phase equilibria (TraPPE) force field to describe carbon dioxide, hydrogen 
sulfide and methane; the second generation of the general AMBER force field (GAFF2) to describe 
organic molecules (e.g. benzene) and finally rigid SPC/E model [43] to simulate water. 

Solving Newton’s equations of motion for a system of N interacting atoms ∑ �⃗�𝑖𝑗 = 𝑚𝑖
𝑑2𝑟𝑖(𝑡)

𝑑𝑡2𝑗 , where 

𝑟𝑖(𝑡) = (𝑥𝑖(𝑡), 𝑦𝑖(𝑡), 𝑧𝑖(𝑡)) is the position vector of ith atom and 𝐹𝑖⃗⃗⃗ is the force acting upon ith atom 
at time t determined by the potential energy and mi is the mass of the atom, the position and velocity 
of each atom in the system is updated by a stepwise progression. To integrate the above equations of 
motion, the random initial positions and velocities calculated from Boltzmann distribution are needed 
[44]. 

Due to a tremendous number of atoms in the system, it is impractical to solve the equations of motion 
analytically. Instead, MD simulations use numerical methods to avoid this problem. Many numerical 
solutions for integrating the equations of motion are proposed, for example, the Verlet and leap-frog 
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algorithm [40, 41, 44]. In these studies, we applied the leap-frog algorithm to solve Newton’s 
equations of motion. This algorithm gives positions and velocities at time t in the following forms:  

𝑟(𝑡 + 𝛿𝑡) = 𝑟(𝑡) + �⃗�(𝑡 +
1

2
𝛿𝑡)𝛿𝑡  Eq. 3 

�⃗� (𝑡 +
1

2
𝛿𝑡) = �⃗� (𝑡 −

1

2
𝛿𝑡) + 

�⃗�(𝑡)

𝑚
𝛿𝑡  Eq. 4 

In this algorithm, initially the velocities are calculated at time t + 1/2t; and then they are used to 

calculate the positions, r, at time t + t. Thus, the velocities leap over the positions, and then the 
positions leap over the velocities. The velocities at time t can be calculated approximately by equation: 

�⃗�(𝑡) =  
1

2
[�⃗� (𝑡 +

1

2
𝛿𝑡) + �⃗� (𝑡 − 

1

2
𝛿𝑡)]  Eq. 5 

In order to update the positions and velocities in the stepwise numerical integration method, the 
forces acting upon the atoms have to be recalculated at each step. A summation for non-bonded 
interactions including van der Waal and electrostatic interactions has to be computed for all non-
bonded pairs. Therefore, the non-bonded interaction calculation step costs tremendous simulation 
time. To speed up the calculation, the cutoff distance is introduced. This indicates that the non-bonded 
pair forces for two atoms separated by a distance larger than the given cutoff distance are excluded. 
This method handles well for the van der Waal interactions; however, it is not applicable for the 
systems with charged atoms due to the importance of the long-range electrostatic interactions. Many 
efficient techniques have been developed to deal with the electrostatic interactions such as the one 
which is to divide the electrostatic interactions into a long-range and short-range component. While 
the short-range component is computed in real space, the long-range one is calculated in Fourier 
space using different approaches, for example, Ewald, particle-mesh Ewald (PME), and Particle-
Particle Particle-Mesh methods [44]. These approaches help reduce the computational time 
compared to the direct summation using the equation. In our simulations, we employ the PME 
algorithm to account for the long-range electrostatic interactions. 

Because of the limited computational resource and to speed up the simulations, only a finite sample 
of an extended system with an atomically detailed representation can be described explicitly in a 
computer model. Thus, the periodic boundary conditions [40, 41] are applied to allow a large system 
to be simulated. 

2.2 Ab initio molecular dynamics simulations 

AIMD is a versatile and powerful tool which combines both first principles and molecular dynamics 
concepts where the interatomic forces are calculated based on quantum mechanics (electronic 
structure theory) and the motion of the nuclei is described classically according to Newton’s 
mechanical laws [26-27]. This allows realistic simulations of a chemically evolving system to be 
performed without adjustable parameters. Nevertheless, an accurate description of the processes is 
highly dependent on the different approximations employed in the electronic structure calculations, 
such as the exchange-correlation functional approximation, the description of the van der Waals 
interactions as corrections and the limited number of basis set.  

The AIMD simulations were performed within the Density Functional Theory (DFT) using the Gaussian 
and plane wave basis approach, as implemented in the CP2K code [45]. The core electrons were 
described using the Goedecker-Teter-Hutter (GTH) [46] pseudopotentials and the valence density was 
developed on a double-zeta DZVP basis set along with a plane wave basis set with cutoff energy of 
400 Ry. The generalized gradient approximation (GGA) parametrized by Perdew, Burke and Ernzerholf 
(PBE) [47] was used for the exchange-correlation terms with the dispersion interactions included using 
the Grimme D3 [48] corrections. The nuclei dynamics is treated within the Born-Oppenheimer 
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approximation and convergence on forces was chosen to be 10-6 a.u. The timestep for the integration 
of the equations of motion was set to 0.5 fs. All calculations were performed in the NVT statistical 
ensemble (constant temperature T, volume V, and the number of particles N) at a temperature of 323 
K which is maintained using the Canonical Sampling through Velocity Rescaling (CSVR) thermostat [49]. 
The systems were pre-equilibrated for 5 ps before a production run of 30 ps was performed for further 
statistical property analysis.  

The relaxation times accessible by AIMD are small—in the order of picoseconds—and thus not 
sufficient to capture chemical reactions which are rare events occurring at longer timescales. To 
overcome this potential limitation, the metadynamics enhanced sampling method [50-54] was used 
to facilitate the reaction events and evaluate the free energy of the CO2 carbonation reactions. 
Metadynamics enables the acceleration of conformational transitions by iteratively filling the 
potential energy surface by a sum of Gaussians centered along the trajectory of a set of collective 
variables. Thus, its effectiveness is defined by the appropriate choice of collective variables for the 
processes of interest. In our particular case, the metadynamics technique implemented into the 
PLUMED code [55] was utilised to predict the reactivity of CO2 molecules with cement surfaces in a 
CO2 mixture with H2O and to calculate the reaction free energies.  

2.3 Meso-scale LB simulations 

The significance of gas permeability estimation cannot be overstated for hydrocarbon gas recovery. 
The accuracy of large-scale production models for the tight formation including shale formation 
depends on assumptions regarding the permeability of the rock mass. However, predicting gas 
permeability through these rocks remains challenging because of the need to balance numerical 
accuracy and computational cost. Among alternative approaches, lattice Boltzmann (LB) simulations 
are effective in studying fluid transport at intermediate length and time scales (i.e., the mesoscale) at 
a modest computational cost.  

In the past decade, the LB method has been applied to simulate fluid flows at finite 𝐾𝑛 values. It has 
been recognized that the boundary conditions (BCs) are essential for ensuring that LB simulations yield 
realistic results at such conditions. In fact, recent applications to shale rock samples [56-58] that 
implemented the BB+SR BC yield overestimated Klinkenberg effects compared to the Beskok-
Karniadakis-Civan’s (BKC’s) correlation [59, 60]. To date, few studies probe into the reason for such 
overestimation.  

The LB work presented in Deliverable D5.4 addresses two fundamental questions by simulating gas 
flows through micro-/nano-porous media via non-equilibrium MD simulations and LB simulation 
sequentially, where MD simulations are used to benchmark the LB results to identify the appropriate 
BCs: (1) whether the LB method is applicable to describe gas flows through micro-/nano-porous 
media, and (2) whether the physical phenomena responsible for the Klinkenberg effect are 
consistently described at microscopic, mesoscopic, and macroscopic scales.  

The LB method statistically describes the motion of gas particles and simulates the spatiotemporal 
variation of particles’ velocity distribution as governed by the discrete Boltzmann equation [61]. The 
distribution function (𝑓) represents the dimensionless mass density of particles with velocity 𝒄 at 
location 𝒙 and time 𝑡 [62]. Macroscopic gas properties, e.g., mass density, momentum density, total 
energy density, and flow velocity, can be calculated from weighted summations of the discrete 
velocity distribution.  
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Figure 2 – Particle collision and propagation in (a) fluid domain, (b) at the convex corner, and (c) at the concave corner. 
Simulated PM structure of (d) PM1 and (e) PM2. Gray filled slabs are impermeable solid matrices. Void spaces are indexed 

pores (e.g., p1) with arrows denoting simulated gas flow directions. 

 

2.3.1 Particle Collision and Propagation 

The LB model implemented in this work is based on a two-dimensional-nine-discrete-velocity (D2Q9) 
set, shown schematically in Figure 2a. Each square lattice is associated with nine nodes: Node 9 is at 
the center of the lattice site, and the others at the center of the neighboring lattice sites. Different 
nodes are assigned a different discrete velocity constant vector, i.e., 𝒄𝛼

∗ =
[(1,0), (0,−1), (−1,0), (0,1), (1, −1), (−1,−1), (−1,1), (1,1), (0,0)], for 𝛼 = 1,2,… ,9, respectively. 
Nodes are classified as fluid, boundary, and solid nodes, according to the location of the lattice site 
within the porous media (PM). The lattice site in pore space is the fluid node, in which the discrete 
Boltzmann equation applies; The lattice site on solid is the solid node, in which the velocity distribution 
remains zero; A boundary node, to which BCs applies, links a fluid and a solid node. The ‘link-wise 
boundary node’ is applied here where the computational boundary is located on the link between the 
physical boundary and fluid node. The scheme for particle collision and propagation at the boundary 
node can be different for different lattice sites; local geometry of the computational boundary, e.g., 
at the convex (Figure 2b) and concave corners (Figure 2b), can determine the scheme for the BB+SR 
BC.  

If the central node (Node 9) is identified as a fluid or boundary node, particle collisions occur locally. 

The velocity distribution after a collision, denoted by 𝑓𝛼
𝑝𝑜𝑠𝑡

, propagates along its discrete velocity 
vector (𝒄𝛼

∗ ) to neighboring nodes. The propagated velocity distribution will be the velocity distribution 

before the next collision, denoted by 𝑓𝛼
𝑝𝑟𝑒

. One collision-propagation cycle occurs in a single time step, 

where each central lattice simultaneously receives 𝑓𝛼
𝑝𝑜𝑠𝑡

 from and emits 𝑓𝛼
𝑝𝑟𝑒

 to its eight neighboring 
lattices. This process is governed by the discrete Boltzmann equation, Eq. Eq. 6, which models the 

change of velocity distributions during a collision at lattice location 𝒙∗ and time 𝑡∗ (from 𝑓𝛼
𝑝𝑟𝑒

 to 𝑓𝛼
𝑝𝑜𝑠𝑡

 
on the right-hand-side (RHS)), and a particle propagation to the next lattice location 𝒙∗ + 𝒄𝛼

∗ 𝛿𝑡∗ at the 

time 𝑡∗ + 𝛿𝑡∗ (from 𝑓𝛼
𝑝𝑜𝑠𝑡

 on RHS to 𝑓𝛼
𝑝𝑟𝑒

 on the left-hand side of Eq. Eq. 6). 
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𝑓𝛼
𝑝𝑟𝑒(𝒙∗ + 𝒄𝛼

∗ 𝛿𝑡∗, 𝑡∗ + 𝛿𝑡∗) = 𝑓𝛼
𝑝𝑟𝑒(𝒙∗, 𝑡∗) + Ω𝛼(𝒙

∗, 𝑡∗)⏟                

𝑓𝛼
𝑝𝑜𝑠𝑡(𝒙∗,𝑡∗)

 
Eq. 6 

The superscript ‘∗’ in Eq. 6 denotes non-dimensionalized parameters. The discrete collision operator 

Ω𝛼 models the velocity distribution relaxation to its equilibrium values (𝑓𝛼
(𝑒𝑞)

) at node 𝛼. The linear 

Bhatnagar-Gross-Krook (BGK) collision operator is implemented, where Ω𝛼 = −(𝑓𝛼 − 𝑓𝛼
(𝑒𝑞)

)/(𝜏∗ +
0.5) and 𝜏∗ is the dimensionless relaxation time. Based on the Maxwell-Boltzmann distribution, the 
discrete equilibrium distribution for the isothermal condition can be expanded in the Hermite 
polynomials as [62]: 

𝑓𝛼
(𝑒𝑞)(𝒙∗, 𝑡∗) = 𝑤𝛼𝜌

∗ [1 +
𝑐𝛼𝑖
∗ 𝑢𝑖

∗

(𝑐𝑠
∗)2

+
𝑢𝑖
∗𝑢𝑗
∗(𝑐𝛼𝑖

∗ 𝑐𝛼𝑗
∗ − (𝑐𝑠

∗)2𝛿𝑖𝑗)

2(𝑐𝑠
∗)4

]. 
Eq. 7 

In Eq. 7, subscripts 𝑖, 𝑗 denote a vector component, e.g., 𝑢𝑖
∗ ∈ {𝑢𝑥

∗ , 𝑢𝑦
∗ }. The local fluid mass density 𝜌∗ 

can be calculated by local lattice velocity distributions in 𝜌∗ = ∑ 𝑓𝛼
𝑞
𝛼=1 . The flow velocity 𝒖∗ is 

calculated from the summation of velocity distributions in 𝒖∗ = ∑ 𝒄𝛼
∗ 𝑓𝛼

𝑞
𝛼=1 /𝜌∗ + 0.5𝛿𝑡∗𝒂∗, where 𝒂∗ 

is the dimensionless acceleration vector, and 𝑤𝛼 is a weighting factor for different nodes and 

∑ 𝑤𝛼
𝑞
𝛼=1 = 1. Within the D2Q9 velocity set, 𝑞 = 9, 𝑤9 =

4

9
, 𝑤1,2,3,4 =

1

9
, and 𝑤5,6,7,8 =

1

36
. The non-

equilibrium distribution 𝑓𝛼
(𝑛𝑒𝑞)

, as the difference between 𝑓𝛼 and 𝑓𝛼
(𝑒𝑞)

, reflects how far the fluid 
particles are from equilibria. Small for continuum flow, this value can be large for slip (0.001<𝐾𝑛<0.1) 
and transitional flows (0.1<𝐾𝑛<10). 

When discretizing Eq. 6, the velocity space should be projected onto the Hermite space with 
orthonormal bases. The un-projected part of 𝑓𝛼 will cause aliasing errors, which can be alleviated by 

projecting 𝑓𝛼 onto the Hermite space by expanding 𝑓𝛼
(𝑛𝑒𝑞)

 in the Hermite polynomials, named as ‘the 

regularization’ [63]. The projected (or regularized) 𝑓𝛼
(𝑛𝑒𝑞)

 is denoted by 𝑓𝛼
(𝑛𝑒𝑞)

. Up to the second-rank 

polynomials, 𝑓𝛼
(𝑛𝑒𝑞)

 reads 

𝑓𝛼
(𝑛𝑒𝑞)

(𝒙∗, 𝑡∗) = 𝑤𝛼 ⋅
(𝑐𝛼𝑖
∗ 𝑐𝛼𝑗

∗ − (𝑐𝑠
∗)2𝛿𝑖𝑗)

2(𝑐𝑠
∗)4

∑𝑓𝛽
(𝑛𝑒𝑞)

𝑞

𝛽=1

(𝒙∗, 𝑡∗)(𝑐𝛽𝑖
∗ 𝑐𝛽𝑗

∗ − (𝑐𝑠
∗)2𝛿𝑖𝑗),   Eq. 8 

where 𝑓𝛽
(𝑛𝑒𝑞)(𝒙∗, 𝑡∗) ≈ 𝑓𝛽

(𝑛𝑒𝑞)(𝒙∗, 𝑡∗) = 𝑓𝛽(𝒙
∗, 𝑡∗) − 𝑓𝛽

(𝑒𝑞)(𝒙∗, 𝑡∗). The Kronecker delta 𝛿𝑖𝑗  is 1 when 

𝑖 = 𝑗, and 0 when 𝑖 ≠ 𝑗. 

2.3.2 Knudsen Number and Relaxation Time 

Because the characteristic length 𝑙 is often considered as the hydraulic radius (𝑅𝐻) [43], the Knudsen 
number in free space can be defined as: 

𝐾𝑛 =
𝜆

𝑅𝐻
 . Eq. 9 

𝑅𝐻 can be different for different pore geometries. In this work, gas flow is simulated through three 
PM: PM1 (Figure 2d), PM2 (Figure 2e), and PM3 (Figure 2a). We denote either the local pore height 
of PM1&PM2 or the local pore diameter of PM3 as 𝐻. For PM1&PM2, periodic boundary conditions 
are applied on the streamwise direction, and the pore geometries are treated as slit pores where pore 
length is greater than pore height. In such a geometry, 𝑅𝐻 is approximated by the height of the pore, 
i.e., 𝑅𝐻 = 𝐻 [64]. For PM3, in which we apply non-periodic boundary conditions along the streamwise 
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direction, the pore geometries are modeled as circular. For such geometry, 𝑅𝐻 is the quarter of the 
pore diameter, i.e., 𝑅𝐻 = 𝐻/4 [64].  

To calculate 𝐾𝑛 based on pore structure and gas properties, we use [65]  

𝐾𝑛 =
𝑘𝐵𝑇

√2𝜋𝑎0
2𝑃𝑅𝐻

,  Eq. 10 

where 𝑘𝐵 is the Boltzmann constant; 𝑃 is gas pressure obtained by atomic number density of gas in 
the MD system and Peng–Robinson equation of state [66]; 𝑎0 is the fluid molecular diameter, 
approximated as the Lennard–Jones parameter 𝜎𝑓𝑓 [67,68], e.g., for methane 𝜎𝑓𝑓 ≈ 0.373 nm.  

In a confined space, the mean free path is shorter than in free space. The reduction factor is modeled 
as  𝛹(𝐾𝑛) = (1 + 𝑏𝐾𝑛)−1 where 𝑏 is the Bosanquet parameter, typically 𝑏 = 3.4 [69]. A modified 
Knudsen number 𝐾𝑛′ = 𝐾𝑛𝛹(𝐾𝑛) is used for confined PM simulated in this work. 

The Knudsen number in PM3 includes the porosity (휀) and the dimensionless permeability (𝑘) [70]:  

𝐾𝑛′′ = 𝐾𝑛′√
휀

12𝑘
 Eq. 11 

where 𝑘 =
𝑘𝑖𝑛

𝐻2/32
, 𝑘𝑖𝑛 is the dimensional intrinsic permeability estimated by LB simulations, and the 

conversion factor 𝐻2/32 is the Darcy permeability for the tube [71].  

In the BGK collision operator in Eq. 6, the dimensionless relaxation time (𝜏∗) characterizes how soon 
particles will reach local equilibrium state from perturbation during collisions [62,72]. 𝜏∗ relates to the 
dynamic viscosity (𝜂) in 𝜂 = 𝑐𝑠

2𝜌𝜏∗𝛿𝑡, where 𝜌 is mass density.  𝑐𝑠 is the speed of sound, related to 

the universal gas constant 𝑅, molar mass 𝑀, and absolute temperature 𝑇 as 𝑐𝑠 = √𝑅𝑇/𝑀. In Equation 

Eq. 9, 𝑅𝐻 can be expressed in its dimensionless form as 𝑅𝐻
∗ = 𝑅𝐻/𝛿𝑦. The mean free path relates to 

the dynamic viscosity (𝜂) as 𝜆 ≈ 𝜂𝑃−1√𝜋𝑅𝑇/2𝑀 [44]. Given that 𝑐 = 𝛿𝑦/𝛿𝑡 = √𝜒𝑅𝑇/𝑀 (where 𝜒 is 

a constant, e.g. 𝜒 = 3 in the D2Q9 velocity set), 𝜏∗ is obtained as a function of 𝐾𝑛′: 𝜏∗ =

√2𝜒/𝜋𝑅𝐻
∗ 𝐾𝑛′. 

2.3.3 The Improved BC for Gas Slippage 

Since solid-gas interactions are reflected as molecular momentum exchanges, i.e., the exchange of 𝑓𝛼 
coming into, and going out from the fluid domain, BCs at the solid-gas interface may not only affect 
the flow behavior near the interface but also near the pore center. By imposing zero flow velocity 
normal to the surface and a non-zero velocity tangential to the surface, the specular reflection (SR) BC 

yields infinite slip [73,74]. The SR BC assumes that 𝑓
𝛼′
𝑝𝑜𝑠𝑡

 of the outgoing 𝒄𝛼′ is specularly reflected at 

the boundary. The reflected velocity is 𝒄𝛼 = 𝒄𝛼′ + 2(𝒄𝛼 ⋅ 𝒏)𝒏, where 𝒄𝛼 ⋅ 𝒏 > 0 and 𝒄𝛼′ ⋅ 𝒏 < 0. The 
velocity distribution becomes  

𝑓𝛼
𝑝𝑟𝑒(𝒙∗, 𝑡∗ + 𝛿𝑡∗) = 𝑓

𝛼′
𝑝𝑜𝑠𝑡(𝒙∗, 𝑡∗). 

Eq. 12 

In Figure 2c, 𝒄7, once hitting the bottom solid node, is reflected along the direction of 𝒄6; 𝑓6
𝑝𝑟𝑒

 is 

assigned the value of 𝑓7
𝑝𝑜𝑠𝑡

 following specular reflection. In a similar mechanism, 𝒄8 is reflected along 

the direction of 𝒄5 and 𝑓5
𝑝𝑟𝑒

 is assigned the value of 𝑓8
𝑝𝑜𝑠𝑡

.  

In LB simulations of finite-𝐾𝑛 flow where gas slip is finite, a classical approach is to algebraically 
combine a no-slip BC (e.g., BB) with a finite slip BC (e.g., SR). One can account for velocity distribution 
contributions from each BC via a combination fraction (𝑟): 
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 𝑓𝛼
𝑝𝑟𝑒(𝒙∗, 𝑡∗ + 𝛿𝑡∗) = 𝑟(𝒙∗) ⋅ 𝑓𝛼

𝑝𝑜𝑠𝑡(𝒙∗, 𝑡∗) + [1 − 𝑟(𝒙∗)] ⋅ 𝑓
𝛼′
𝑝𝑜𝑠𝑡(𝒙∗, 𝑡∗). 

Eq. 13 

The standard bounce-back (SBB) BC prescribes that at the boundary node, the outgoing velocity (𝒄�̅�), 
once hitting the physical boundary, exchanges the velocity distribution by reversing its direction, i.e., 

the direction of the incoming velocity 𝒄𝛼. The incoming velocity distribution (𝑓𝛼
𝑝𝑟𝑒

) before the next 

collision is therefore assigned the outgoing velocity distribution (𝑓𝛼
𝑝𝑜𝑠𝑡

). That is,  

𝑓𝛼
𝑝𝑟𝑒(𝒙∗, 𝑡∗ + 𝛿𝑡∗) = 𝑓𝛼

𝑝𝑜𝑠𝑡(𝒙∗, 𝑡∗), 
Eq. 14 

where 𝒄𝛼 = −𝒄�̅�, 𝒄𝛼 ⋅ 𝒏 > 0, 𝒄�̅� ⋅ 𝒏 < 0, and 𝒏 is the surface normal vector from solid to fluid. In 

Figure 2b, 𝑓7
𝑝𝑜𝑠𝑡

 of outgoing velocity 𝒄7 will replace 𝑓5
𝑝𝑟𝑒

 of the incoming velocity 𝒄5 before next 

collision. This velocity distribution inversion takes place only between an outgoing velocity and an 
incoming velocity, in pairs. In Figure 2b, except the paired outgoing and incoming velocities, the rest 
is parallel to the boundary node, where 𝒄𝛼 ⋅ 𝒏 = 0, i.e., 𝒄6 and 𝒄8, 𝒄2 and 𝒄4, 𝒄3 and 𝒄1. 

The correct implementation of the combined BC relies on the prerequisite that the no-slip BC can 
achieve a physically sound no-slip condition. However, the analytical solutions reveal that SBB is 
insufficient to mirror a no-slip boundary [75] since the ‘uncontrolled’ parallel velocity sets can lead to 
unphysical slip. In the SBB scheme, parallel velocities are propagating velocity distributions from 
neighboring fluid and boundary nodes [61]. When parallel velocities propagate, they are subject to 
acceleration, pressure, and fluid density at inlet and outlet boundaries, which may cause a tangential 
non-zero velocity distribution, and therefore lead to unphysical slip.  

A modified bounce back (MBB) BC is needed to enforce zero slip. One approach is to impose that each 
pair of parallel velocity distributions 𝒄𝛼1 and 𝒄𝛼2 is equivalent after the collision [75]:  

𝑓𝛼1
𝑝𝑟𝑒(𝒙∗, 𝑡∗ + 𝛿𝑡∗) = 0.5 (𝑓𝛼1

𝑝𝑜𝑠𝑡(𝒙∗, 𝑡∗) + 𝑓𝛼2
𝑝𝑜𝑠𝑡(𝒙∗, 𝑡∗)), 

Eq. 15 

and  

𝑓𝛼2
𝑝𝑟𝑒(𝒙∗, 𝑡∗ + 𝛿𝑡∗) = 0.5 (𝑓𝛼1

𝑝𝑜𝑠𝑡(𝒙∗, 𝑡∗) + 𝑓𝛼2
𝑝𝑜𝑠𝑡(𝒙∗, 𝑡∗)). 

Eq. 16 

When handling the parallel velocities, this approach requires identifying the parallel velocities at the 
boundary, which can be tedious in complex PMs. Unfortunately, not implementing this approach can 
negatively affect the accuracy of the results. 

Here the SBB scheme in the SBB+SR BC is replaced by the MBB scheme to avoid the unphysical slip, 
and the SBB+SR BC is improved by combining MBB and SR BCs. Specifically, the improved BC, i.e., 
MBB+SR BC is based on the combination of the SBB BC in Eq. 14, the control of parallel velocities in 
Eqs. Eq. 15 and Eq. 16, the SR BC in Eq. 12, and the combination rule in Eq. 13.  

To realize the second-order slip in LB simulations, we adopted Eq. 17 for the combination fraction 𝑟 
[74]. Eq. 17 was originally derived for the classical BC inclusive of SBB and SR, and it holds also for the 
MBB+SR BC. In deriving Eq. 17, as shown by others [74], all velocity distributions (𝑓𝑖) including the 
parallel velocities are lumped into the streamwise velocity (𝑢). The derived expression of 𝑢 is applied 
to the finite-difference equation to obtain the formula of slip velocity (𝑢𝑠) in LB simulations, and the 
derived LB slip velocity is then compared with the analytical 𝑢𝑠 to obtain the expression for 𝑟 as in Eq. 
17.  
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𝑟 = {1 + √
𝜋

6
[

1

4𝐾𝑛∗(𝑅𝐻
∗ )2

+ 𝐴1 + (2𝐴2 −
8

𝜋
)𝐾𝑛∗]}

−1

, Eq. 17 

where coefficients 𝐴1 = (2 − 𝜎)(1 − 0.1817𝜎)/𝜎 and 𝐴2 = 𝜋
−1 + 0.5𝐴1

2. The coefficient 𝜎 is the 
tangential momentum accommodation coefficient (TMAC). It is a measurement of solid-gas 
interactions and corresponds to an average exchange rate between the incident and reflected 
tangential momentum when gas molecules hit the wall, i.e., 𝜎 = (𝜏𝑅 − 𝜏𝐼)/(𝜏𝑤𝑎𝑙𝑙 − 𝜏𝐼), where 𝜏𝑅, 𝜏𝐼, 
and 𝜏𝑤𝑎𝑙𝑙 are the tangential momentum of reflected molecules, incident molecules, and wall surface, 
respectively [76]. When 𝜎 = 0, specular reflection is present; when 𝜎 = 1, full diffuse reflection 
occurs. In LB models, TMAC is often chosen to be unity [57,77,78], which assumes full diffuse 
reflection. However, both numerical and experimental studies indicate that TMAC should be non-
unitary in porous media [70,79]. Since the reported experimental TMAC for methane is limited, we 
assume the value reported for Nitrogen gas (𝜎 ≈ 0.827) as the value for methane in our LB simulations 
[80]. 

2.3.4 Gas Permeability of Pressure-Driven Flow 

We simulate gas flow through PM, driven by a pressure gradient across the inlet and the outlet of the 
PM. The pressure gradient is modeled by the discrete external force 𝑭𝛼

∗ . After incorporating 𝑭𝛼
∗ , Eq. 6 

becomes 

𝑓𝛼
𝑝𝑟𝑒(𝒙∗ + 𝒄𝛼

∗ 𝛿𝑡∗, 𝑡∗ + 𝛿𝑡∗) =
2𝜏∗ − 1

2𝜏∗ + 1
𝑓𝛼
(𝑛𝑒𝑞)(𝒙∗, 𝑡∗) + 𝑓𝛼

(𝑒𝑞)(𝒙∗, 𝑡∗) + 𝛿𝑡∗𝑭𝛼
∗ , Eq. 18 

where 𝑭𝛼
∗  is discretized as: 

𝐹𝛼𝑖
∗ =

2𝜏∗

2𝜏∗ + 1
𝑤𝛼𝜌

∗ [
𝑐𝛼𝑖
∗ 𝑎𝑖

∗

(𝑐𝑠
∗)2

+
𝑎𝑖
∗𝑢𝑗
∗(𝑐𝛼𝑖

∗ 𝑐𝛼𝑗
∗ − (𝑐𝑠

∗)2𝛿𝑖𝑗)

(𝑐𝑠
∗)4

]. Eq. 19 

In Eq. 19, 𝐹𝛼𝑖
∗  and 𝑎𝑖

∗ are the component of the force vector 𝑭𝛼
∗  and the acceleration vector 𝒂∗, 

respectively. The acceleration is related to force density (𝑭𝑣
∗ ) in terms of fluid mass density (𝜌∗): 𝑭𝑣

∗ =
𝜌∗𝒂∗. The force density equals the pressure gradient in the opposite direction, as 𝐹𝑣

∗ = −𝛻𝑃∗. In MD 
simulations, each molecule is subject to a constant external force 𝑭𝑒𝑥𝑡 = 𝑭𝑣/𝑛 [81], where , 𝑛 =
𝜌𝑁𝐴/𝑀 is the atomic number density. By correlating 𝑭𝑣 = 𝜌𝒂, the acceleration term reads 𝒂 =
𝑭𝑒𝑥𝑡𝑁𝐴/𝑀. 

Table 1 – Input data for LB simulations. 

 PM1 PM2 Source 

p1 through p4 p5 p1 through p8 

𝑛0 (1/Å3) 0.0058 0.0043 0.0055 MD simulations 

𝜂 (Pa⋅s) 2.20e-05a 4.30e-05b 1.90e-05c MD simulations 

𝛻𝑃 (MPa/nm) 8.060 5.975 7.643 𝛻𝑃 = −𝑭𝑒𝑥𝑡𝑛0 

TMAC 0.827 0.827 0.827 [79] 

a the reference dynamic viscosity 𝜂0 in PM1. 
b calculated by 𝜂 = 𝜏∗𝜂0/𝜏0

∗. 
c the reference dynamic viscosity 𝜂0 in PM2. 

 

Based on Darcy’s law, directional permeability in PM is estimated by average fluid velocity under a 

pressure gradient: 𝑘𝑖
∗ = −𝑢𝑖

∗𝜂∗/𝛻𝑃𝑖
∗, where 𝑖 indicates the direction of the measured permeability. 

𝜂∗ is the average dynamic viscosity, which is calculated by 𝜂∗ = 𝜌∗(𝑐𝑠
∗)2𝜏∗, where 𝜏∗ is the average 
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relaxation time across different pores. Based on the above formulae, permeability is estimated by 

𝑘𝑖
∗ = 𝑢∗𝑖(𝑐𝑠

∗)2𝜏∗/𝑎𝑖
∗ (dimensionless) and 𝑘𝑖 = 𝐶𝑥

2𝑘𝑖
∗ (dimensional), where 𝐶𝑥 is the unit conversion 

factor (𝐶𝑙) for length in Error! Not a valid bookmark self-reference.. 

 

Table 2 – Unit conversion between dimensional and the dimensionless LB systems [45]. 

 Dimensional (units) Dimensionless  

Length 𝐿 (m) 𝐿∗ (lua) 

Hydraulic radius 𝑅𝐻 (m) 𝑅𝐻
∗  (lu)  

Lattice side 𝛿𝑥 or 𝛿𝑦 (m) 𝛿𝑥∗ = 𝛿𝑦∗ = 1 (lu) 

Elapsed time 𝑡 (s) 𝑡∗ (tsb) 

Time step 𝛿𝑡 (s) 𝛿𝑡∗ = 1 (ts) 

Lattice velocity 
𝑐 =

𝛿𝑥

𝛿𝑡
= √

𝜒𝑅𝑇

𝑀
 (m/s) 𝑐∗ =

𝛿𝑥∗

𝛿𝑡∗
= 1 (lu/ts) 

The conversion factor for distance 𝐶𝑙 =
𝐿

𝐿∗
=

𝑅𝐻

𝑅𝐻
∗ =

𝛿𝑥

𝛿𝑥∗
=

𝛿𝑦

𝛿𝑦∗
 (m) 

The conversion factor for time 𝐶𝑡 =
𝑡

𝑡∗
=

𝛿𝑡

𝛿𝑡∗
 (s) 

The conversion factor for velocity 𝐶𝑢 =
𝐶𝑥

𝐶𝑡
=
𝑢𝑥

𝑢𝑥
∗   (m/s) 

The conversion factor for acceleration 𝐶𝑎 =
𝐶𝑥

𝐶𝑡
2 =

𝑎

𝑎∗
 (m2/s) 

a lattice unit. 

b time step.  

2.3.5 Model Setup 

To initiate LB simulations, structural information of porous media is required including pore diameter, 
dimensions of the PM, and locations of boundary nodes. In Figure 2d and Figure 2e, we show the 
structures of the porous media used in this work, denoted by PM1 and PM2. In PM1, p1 through p4 
are congruent micropores where the height 𝐻 =  1.1 nm and the pore length 𝐿 =  4 nm; p5 is a 
mesopore with 𝐻 =  3.8 nm and 𝐿 =  4 nm. In PM2, p1 & p8, p4 & p2, p3 & p5 through p7 are 
micropores congruent in pairs. Two PM share a similar structure expect a mesopore in PM1 (i.e., p5) 
is subdivided into four micropores in PM2 (i.e., p1, p2, p4, p8) by a tilted slab with 60o rotation. 
Periodic boundary conditions are set on the left and right end of PM1 and PM2. We also apply the 
improved BC to a complex PM, i.e., PM3.  

Input data in the LB simulations are summarized in Table 1. The gas density from MD is used to 
estimate fluid pressure and 𝐾𝑛′. Local 𝐾𝑛′ is calculated for each pore, followed by the calculation of 
𝜏∗ and 𝑟 in Eq. 17 as a function of 𝐾𝑛′. Solid-gas interactions are modeled by specifying the TMAC.  

Eq. 18 along with the classical BCs or the improved BCs is applied to predict gas transport behavior in 
micro-/nano-porous media when the flow reaches a steady state. We impose BB BCs and 𝜏∗ = 1 to 
simulate intrinsic permeability (𝑘𝑖𝑛) and BB+SR BCs for apparent gas permeability. Lastly, we evaluate 
the Klinkenberg effect by calculating the permeability correction factor, i.e., the ratio of apparent to 
intrinsic permeability (𝑘𝑎𝑝𝑝/𝑘𝑖𝑛). To validate the effectiveness of the improved BCs in simulating 

finite-𝐾𝑛 flow, we conducted nonequilibrium MD simulations of methane transport through PM1 and 
PM2.  

Unit conversion from the dimensionless LB environment to the physical MD system, which is essential 
for data analysis, is tabulated in  

Based on Darcy’s law, directional permeability in PM is estimated by average fluid velocity under a 

pressure gradient: 𝑘𝑖
∗ = −𝑢𝑖

∗𝜂∗/𝛻𝑃𝑖
∗, where 𝑖 indicates the direction of the measured permeability. 
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𝜂∗ is the average dynamic viscosity, which is calculated by 𝜂∗ = 𝜌∗(𝑐𝑠
∗)2𝜏∗, where 𝜏∗ is the average 

relaxation time across different pores. Based on the above formulae, permeability is estimated by 

𝑘𝑖
∗ = 𝑢∗𝑖(𝑐𝑠

∗)2𝜏∗/𝑎𝑖
∗ (dimensionless) and 𝑘𝑖 = 𝐶𝑥

2𝑘𝑖
∗ (dimensional), where 𝐶𝑥 is the unit conversion 

factor (𝐶𝑙) for length in Error! Not a valid bookmark self-reference.. 

 

Table 2. The most important is the unit conversions for space and time. In our study, uniform square 
lattices of the side 𝛿𝑥 are set up according to the specified spatial resolution. The fluid kinematic 
viscosity (𝑣) determines the simulation time step 𝛿𝑡. The unit conversion factor for the time 𝐶𝑡 is 

obtained by the conversion of 𝑣: 𝜂 = 𝜌(𝑐𝑠
∗)2𝜏∗𝐶𝑙

2/𝐶𝑡. To obtain a constant value of 𝐶𝑡, we consider 
that the local 𝜂 in a pore is proportional to its 𝜏∗: 𝜂/𝜂0  = 𝜏

∗/𝜏0
∗, where the subscript ‘0’ denotes the 

value in the reference pore with a height of 1.1 nm. The value of 𝜂0 is obtained from the bulk velocity 
profile in MD results, which is consistent with data from Ref. [82]. The unit conversions for velocity 
and acceleration are performed based on the unit conversions of time and length [62,83].   

2.4 Statistical modelling & Lagrangian particle-tracking simulations 

Many-particle systems in crowded environments (packed with many obstacles) are ubiquitous in 
Nature, yielding a wealth of important phenomena ranging from clustering in granular gases [1], 
localization transition during colloidal gelation [2], biofilms formation [3], solute dispersion [4] as well 
as nanoparticles deposition in porous media [5,6]. Understanding the particles’ kinetic distribution in 
real environments is essential to achieve particulate control [7]. However, due to the environment’s 
heterogeneity in both its structural and chemical properties, the particles’ kinetic distributions are 
usually complex parametric functions. Prior studies described how such distributions depend on 
environmental variables (e.g., obstacle size [8], porosity [9-11], pore structure [12]) via interpreting 
the fitted probability distribution functions (PDFs), such as exponential [8,13,14], stretched 
exponential [9,15], power-law [12,16], and power-exponential ones [10]. However, the assessment of 
their predictive ability remains elusive, because these functions contain fitting parameters that often 
lack a solid physical foundation.  

Phenomenologically, laboratory particle-tracking data for solutes, nanoparticles (NPs), and 
microparticles (MPs) through random packs of spheres manifest similar non-Gaussian velocity 
probability distributions [3,8,17], suggesting that a universal function might be able to describe 
particle kinetics. Should such universal function exist, it should be consistent with rigorous 
mathematical derivations, such as the Maxwell-Boltzmann (MB) distribution for non-interacting ideal 
gas particles [18]. However, when particles transport through real environments, they can deposit 
[19], in which case the MB distribution is likely to break down [20]. This observation calls for new 
theoretical developments to describe statistical particles’ kinetics in crowded environments. 

In our work, we consider many particles in a pressure-gradient-induced fluid flow through an obstacle-
packed heterogeneous environment. We derive a universal function able to describe the particles’ 
velocity distribution by modeling particles’ behaviors near the pore center and the pore wall, 
respectively. The theory proposed rationalizes that particle Péclet number and the strength of 
particle-wall interactions govern particle kinetic distributions. 

2.4.1 Statistical modelling 

Let us consider the longitudinal transport of particles driven by a pressure gradient (∇𝑃) in a porous 
medium where the average pore size is much greater than the particle size. Particles near the pore 
center are thus unaffected by particle-wall interactions (e.g., electrostatic and van der Waals (vdW) 
forces). In these conditions, the particle longitudinal velocity (𝑣pL) can be decomposed into advective 

(𝑢pL) and diffusive components (𝑤pL), i.e., 𝑣pL = 𝑢pL +𝑤pL. The (longitudinal) total energy of each 
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particle (𝐸 = 𝑚p𝑣pL
2 /2) can therefore be expressed as a sum of advective (𝐾A = 𝑚p𝑢pL

2 /2) and 

diffusive kinetic energy (𝐾D = 𝑚p𝑤pL
2 /2), i.e., 𝐸 = 𝐾A + 𝐾D [21].  

Due to the imposed ∇𝑃, particles at location 𝑥 experience a flow potential  𝜑(𝑥) = −∇𝑃𝑥/�̅�𝑚p [22], 

where �̅� is the mean particle number density, and 𝑚p is the mean particle mass. At time 𝑡 → +∞, the 

local particle number density, 𝑛(𝑥), obeys a Boltzmann distribution: 𝑛(𝑥) = 𝑛(𝑥 = 0) × exp(∇𝑃𝑥/
�̅�𝑘B𝑇), where 𝑘B is the Boltzmann constant and 𝑇 is the absolute temperature [23]. By coupling 𝑛(𝑥) 
with the local MB distribution [24] of particles’ velocities 𝑣pL, we derive the velocity PDF for particles 

near the pore center:  

𝑓𝑉(𝑣pL) ∝ exp(−
−
∇𝑃
�̅�
𝑥 +

1
2
𝑚p𝑤pL

2

𝑘B𝑇1
) ∝ exp(−

𝑚p𝑣pL
2

2𝑘B𝑇1
), 

Eq. 20 

where 𝑇1 is the temperature that reflects the mean 〈𝐸〉 = 𝑚p〈𝑣pL
2 〉/ 2 = 𝑘𝐵𝑇1/2 in the presence of 

∇𝑃. The equation above considers that after the particles are introduced at the upstream of the 
porous medium (at 𝑥 = 0) with zero velocity, their flow potential decreases as the advective kinetic 

energy increases, i.e.,  −∇𝑃𝑥/�̅� = 𝑚p𝑢pL
2 /2. After taking the logarithmic derivative, we obtain 

dln𝑓𝑉(𝑣pL)/d𝑣pL = −2𝛾𝑣pL, where the constant 𝛾 is positive, because 𝑓𝑉(𝑣pL) must converge to a 

finite probability when 𝑣pL → +∞.  

For particles near the pore wall (i.e., obstacle surfaces), it is assumed that advective velocity is 
negligible (i.e., 𝑢pL = 0) because of fluid stagnation. The particles’ longitudinal velocity near the pore 

wall (𝑣pL) is the sum of the diffusive velocity and an additional velocity term (𝜃) affected by the 

particle-wall interactions: 𝑣pL = 𝑤pL + 𝜃. To quantify such particle-wall interactions, we adopt the 

extended Derjaguin-Landau-Verwey-Overbeek (XDLVO) formalism, where the net interaction energy 
is due to the combination of London-vdW, electric double layer, and short-range Born interactions 
[25]. A typical XDLVO curve of net interaction energy versus separation distance features a deep 
primary minimum and a shallow secondary minimum, separated by a repulsive maximum. The 
difference between the local interaction energy and the repulsive energy maximum is the energy 
barrier (Δ𝐸), which hinders deposited particles from leaving the primary minimum. Therefore, Δ𝐸 is 
regarded as an activation energy for particle release [28]. Once escaped from the primary minimum, 
depending on local thermal conditions, particles may escape from the secondary minimum, becoming 
free particles that transport along with the fluid stream.  

To quantify the impact of the activation energy on 𝑣pL, we adopt the Arrhenius Equation [19], i.e., 

𝑣pL = 𝑣0 exp (−
Δ𝐸

𝑘B𝑇
), Eq. 21 

where 𝑣0 is the escaping velocity when the energy barrier is absent, i.e., Δ𝐸 = 0. The equation above 
quantifies how the particle velocity changes with particle-wall interactions. For example, when Δ𝐸 
increases, particles remain in the primary minimum and their velocity decreases until they deposit 
irreversibly; when Δ𝐸 decreases, small particles may escape from the primary minimum but large 
particles can be recaptured due to their small diffusive velocity.  

In a real environment, where the ion distribution on the pore wall and the particles’ instantaneous 
positions are inhomogeneous, the probability distribution of Δ𝐸 matters [29,30]. Considering a typical 
disordered medium obtained by randomly packed spheres, Δ𝐸 can be described by a Boltzmann 
distribution [18], i.e., 𝑓𝐸(Δ𝐸) = (𝑘B𝑇0)

−1 exp(−Δ𝐸/𝑘B𝑇0), where 𝑇0 is the temperature that 

represents the mean 〈Δ𝐸〉 = ∫ Δ𝐸𝑓𝐸(Δ𝐸)
+∞

0
dΔ𝐸 = 𝑘B𝑇0. 

Based on 𝑓𝑉(𝑣pL) = 𝑓𝐸(Δ𝐸)|dΔ𝐸/d𝑣pL| [31], we derive the velocity PDF of particles near the pore 

wall as 𝑓𝑉(𝑣pL) = 𝜆𝑣pL
𝜆−1/𝑣0

𝜆, where 𝜆 = 𝑇/𝑇0.  
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Considering that particles, if not pre-existent in situ, must have transported to the near-wall region, 
the velocity probability of particles near the wall is, therefore, a conditional probability given that 
event of particles reaching the near-wall region has occurred (whose probability is denoted by 𝒫). 
Therefore, the conditional probability is  𝑓𝑉|𝒫(𝑣pL) = 𝑓𝑉(𝑣pL)/𝒫, where we model 𝒫 by interception 

efficiency based on filtration theories [25,36] for non-pre-existent particles and 𝒫 = 1 for pre-existent 
particles near the wall:  

𝒫 ≈ {
(
𝑑p

𝑙
)

𝓆

(
𝒟w𝑃𝑒

∗

𝜅w
)
2−𝓆

(non-pre-existent particles)

1 (pre-existent particles)

, 
Eq. 22 

where 𝓆 = 1.57, 𝑑p is particle size, 𝑙 is average pore size, and 𝜅w is kinematic viscosity of the ambient 

fluid.  

By imposing ∫ 𝑓𝑉|𝒫(𝑣pL)d𝑣pL = 1
𝑣0
0

, we obtain the velocity PDF of particles near the pore wall if 

particles were not initially existent near the pore wall: 

𝑓𝑉|𝒫(𝑣pL) =
𝛼

𝑣0
𝛼 𝑣pL

𝛼−1, Eq. 23 

where 𝛼 = 𝜆/𝒫 = 𝑇/𝒫𝑇0; the physical significance of 𝛼 will be elaborated later. 

Under the assumption that particles near the pore wall and near the pore center behave 
independently from each other, we derive the joint PDF for the longitudinal velocity of the entire 

particle ensemble: 𝑓𝑉(𝑣pL) = 𝛽𝑣pL
𝛼−1 exp(−𝛾𝑣pL

2 ). Parameters 𝛽 and 𝛾 are determined by imposing 

that the PDF integral over the entire positive domain equals one, i.e., ∫  
+∞

0
𝑓𝑉(𝑣pL)d𝑣pL = 1, and by 

calculating the second moment ∫  
+∞

0
𝑓𝑉(𝑣pL)𝑣pL

2 d𝑣pL = ⟨𝑣pL
2 ⟩.  

After defining a dimensionless longitudinal velocity 𝑣 = 𝑣pL/⟨𝑣w⟩, where 〈𝑣w〉 is the mean velocity of 

the ambient fluid, we derive the velocity PDF (∀𝑣 ≥ 0) of the entire particle ensemble: 

𝑓𝑉(𝑣) =
2𝑚𝑚

Γ(𝑚)Ω𝑚
𝑣2𝑚−1exp (−

𝑚

Ω
𝑣2), Eq. 24 

where 𝑚 = 𝛼/2 and Ω = ⟨𝑣2⟩. The above equation manifests as a Nakagami-m distribution, in which 
case the parameters 𝑚 and Ω are referred to as shape and scale factors, respectively [37]. The 
Nakagami-m distribution was originally introduced to describe the fading signal intensity in wireless 
communications, which is characterized by 𝑚 ≥ 0.5. Because we show later that in particulate systems 
𝑚 can be < 0.5, we refer to this equation as a modified Nakagami-m distribution in the remainder of 
the Letter.   

By letting 𝑣 → +∞ and 𝑣 → 0, we find that the PDF for fast and slow particles is proportional to 
exp(−𝑚𝑣2/Ω) and 𝑣2𝑚−1, respectively, indicating that the correspondent particles are those near 
the pore center and the pore wall, respectively. The rest of the particles that transport between pore 
centers and walls, occupying a large portion of the entire ensemble, have intermediate velocities (1 <
𝑣 < 5. Kinetic distributions of such particles are important because they represent transition states 
from immobile (i.e., slow) to highly mobile (i.e., fast). Based on our analysis, their velocity distributions 
are not asymptotic to 𝑣2𝑚−1 nor to exp(−𝑚𝑣2/Ω), but to the modified Nakagami-m PDF. Therefore, 
given its ability to capture the velocity distribution of the entire ensemble, the modified Nakagami-m 
distribution appears to be a unique, all-inclusive function for describing particle kinetics. 
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2.4.2 Lagrangian simulations 

2.4.2.1 Particles transport in beadpacks 

To assess both the uniqueness and the universality of the modified Nakagami-m distribution, we 
perform numerical simulations of particles transport through a three-dimensional randomly jammed 
packing of spheres (obstacles). We generate the sphere pack (crowded environments) by a modified 
Lubachevsky-Stillinger algorithm [13], in which points randomly distributed within a cubic simulation 
box of edge length 𝐿 ≈ 6𝑑g grow into non-overlapping monodispersed spheres of diameter 𝑑g = 3.6 

mm. The procedure yields 220 spheres, an average pore size 𝑙 =1.18 mm, and a porosity of 36%, as 
shown in Figure 3(a). The spheres are modeled as Nafion NR50 pellets, with zeta potential -2.23 mV 
[14,15]. We simulate incompressible steady viscous fluid flow (isopropanol with deionized water of 42 
vol/vol %; fluid density 𝜌w = 786 kg/m3, kinematic viscosity 𝜅w = 1.84×10-6 m2/s) at temperature 
𝑇 =293.15 K through the sphere pack by solving the Navier-Stokes equations with no-slip fluid-sphere 
boundary conditions (using the software COMSOL Multiphysics®). Periodic boundaries are specified 
on the six opposing faces of the simulation box. A constant pressure gradient is imposed along the 
longitudinal direction. Different pressure gradients yield different flow rates and different pore Péclet 
numbers 𝑃𝑒 = 〈𝑣w〉𝑙/𝒟w [11]. For all cases studied, the maximum Reynolds number (𝑅𝑒 = 〈𝑣w〉𝑙/𝜅w) 
is 10, and therefore our calculations are conducted below the limit of the laminar regime in porous 
media (Re ≈ 180) [12].  

 

Figure 3 – (a) Fluid velocity field in a three-dimensional packing of randomly jammed monodispersed spheres 
(obstacles). Particle spatial distributions at (b) Pe* = 5×10-4 (Solute at Pe=128) and (c) Pe* = 59 (MP at Pe=1027) in the 
pore structure at 𝑡 = 10𝜏. The arrows denote the direction of particle velocity vectors  𝒗p = 𝒗pL + 𝒗p𝒚 + 𝒗p𝒛. Their 

color denotes the dimensionless longitudinal velocity (𝑣 = 𝑣pL/⟨𝑣w⟩). Stronger deposition (𝑣 = 0) is observed in (c) than 

(b). Arrow tails denote the particles’ instantaneous positions. 

 

Following the methodology described by [16], we simulate Lagrangian particle transport within the 
flow field. The particles considered include uranine (solute), nanoparticles (NPs), and microparticles 
(MPs), of diameter 𝑑p = 5 nm, 159 nm, and 68 μm, respectively, and mass density 𝜌p = 786, 103, and 

103 kg/m3 [15,17]. The range of particle size and pressure gradient considered allows us to probe a 
wide range of Pe*. NPs and MPs are treated as negatively-charged polyethylene particles with a zeta 
potential of -45 mV [15]. In each simulation, 3000 particles of the same type are studied. Particle size 
exclusion is neglected as the ratio between particle size to pore size is small. After a particle ensemble 
is introduced into the environment at the upstream pressure (𝑥 = 0), the velocities of the particles 
change due to the exerted net force (𝑭net) at each timestep Δ𝑡. The maximum timestep is set to Δ𝑡 =
0.001 s. 

Solute particles are subject to hydrodynamic drag and diffusive forces; NPs and MPs experience 
hydrodynamic drag, diffusive, and gravity (buoyancy) forces, particle-particle interactions (Coulomb 
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and van der Waals (vdW) forces), and particle-wall interactions (London-vdW, electrical double layer, 
and Born forces). The drag force is corrected for the wall effect [18]. Diffusive boundary conditions 
are imposed after particles’ collisions to spheres. The instantaneous particle velocity vector 𝒗p is 

obtained by solving Newton’s second law: d𝒗p/d𝑡 = 𝑭net/𝑚p, where 𝑚p is mean particle mass. The 

observation time is scaled by the characteristic advection time 𝜏 = 𝑙/〈𝑣w〉 [19]. The reliability of our 
algorithm was established by reproducing experimental data for one-dimensional particle propagators 
from particle tracking velocimetry [20].   

2.4.2.1 Particles transport in Bentheimer rocks 

The rock images were extracted from Bentheimer sandstone samples (at Imperial College London) by 
using micron-resolution imaging (a ZEISS XRadia 500 3-D microscope). The obtained 2-D images were 
later processed in a core imaging analysis tool (Avizo Fire 9.2), providing a voxel resolution of 8.9 µm 
× 8.9 µm × 8.9 µm. The processed images reconstructed 3-D structures of a representative-
elementary-volume (REV) of the rock sample in a dimension of 1.3 mm × 1.3 mm × 1.3 mm. The 
obtained structure was then processed in a 3-D printing tool (Autodesk Netfabb) to repair the 
problematic meshes and intersections. By using commercial software CAD Exchanger, we converted 
the repaired mesh file (.stl) into a proper format, i.e., .x_t, for complex structures to be simulated in 
flow simulators (COMSOL Multiphysics 5.3). The final .x_t file was then imported into the flow 
simulator to solve particle and fluid flow in rock images.  

To promote the computational efficiency, we simulated on a sub-volume of the REV, i.e., 1.3 mm × 0.3 
mm × 0.3 mm, where the longitudinal length is kept as the length of the REV, i.e., 1.3 mm, but in the 
transverse direction, lengths are reduced to 0.3 mm. We showed that flow simulations on this sub-
volume recovers the permeability and porosity of the rock sample measured experimentally in the 
lab, indicating that this sub-volume is sufficiently large for particles’ simulation. In addition, we set up 
two artificial transition regions (each 0.1-mm wide) at the inlet and the outlet of the rock REV image 
and impose periodic boundary conditions where once particles leave the outlet will re-enter the inlet. 
The former process helps us to observe long-time particles’ behaviours when they transport through 
a longitudinal length > 1.3 mm.  

 

Figure 4 – Bentheimer rock images used in flow simulations with dimension 1.3 mm × 0.3 mm × 0.3 mm (left) and processed 
2-D rock REV images with dimension 1.3 mm × 1.3 mm (right) . 
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3 Summary of activities and research findings 

3.1 Ab initio and classical atomistic simulations to quantify the interaction of 
CO2/H2O mixtures with cement surfaces 

To model hydrated cement, we focused on calcium silicate hydrate, C-S-H (in cement chemistry 
shorthand, C stands for Ca, S stands for Si, and H stands for H2O), and portlandite phases due to their 
relevance in cement degradation in CO2-rich environments [84]. The C-S-H phase is the principal 
binding phase of hydrated cement and thus responsible for most of the mechanical and chemical 
properties of cement [84]. Portlandite phase, on the other hand, is an appropriate model for 
investigating the chemical reaction of CO2 with cement due to its high rate of carbonation reaction 
[85]. Firstly, we performed enhanced ab-initio molecular dynamics (AIMD) simulations to analyse 
reactions of the CO2-rich fluids with cement. In AIMD simulations, the forces are calculated on-the-fly 
from accurate electronic structure calculations [26,27], and thus the technique is a reliable approach 
to predict reaction pathways and energetics for CO2–cement interactions. However, AIMD calculations 
are computationally very demanding, limiting the model system sizes to only a few hundred atoms 
and the timescales to only a few tens of picoseconds. Since the picosecond timescale is appropriate 
to simulate only barrierless processes, the dynamics of the rare reaction events was accelerated by 
means of the metadynamics approach [50,51]. In order to model the interaction of CO2 with C-S-H 
which requires large supercells, it is not computationally feasible to use AIMD method. In this regard, 
classical Monte Carlo (MC) and molecular dynamics (MD) simulation techniques were utilized to 
model the interaction mechanisms of CO2 with C-S-H. The classical molecular dynamics method 
employs classical mechanics laws to describe the motion of the particles, in this case atoms which 
constitute a certain material [40,41]. The underlying assumption is that one can treat the atoms as a 
single classical entity. MD approach enables simulations of systems with thousands of atoms, thus 
appropriate to study both structural and dynamical properties of CO2 confined in C-S-H.  

3.1.1 AIMD simulations of the CO2/H2O reactivity of with portlandite surfaces  

Cement degradation in CO2-rich environments affects mainly portlandite and calcium silicate hydrate 
(C-S-H) phases, which both constitute about 70-85% of hydrated cement. However, due to the 
complexity of the C-S-H phase and the large atomistic models required to model this phase, it is not 
currently feasible to model the carbonation reaction of C-S-H using AIMD simulations. Therefore, in 
the current project we focused on AIMD simulations of the reaction between CO2 (under dry and 
hydrated conditions) and the portlandite phase as a starting point. To model the reaction mechanisms 
of CO2 with portlanditecrystals, we utilized the ab-initio molecular dynamics (AIMD) simulation 
technique [26,27] and the metadynamics algorithm [55]. 

In our particular case, we chose the carbon atom coordination number (CN) to oxygen atoms of both 
the surface hydroxyls (Oh) and of the neighbouring H2O molecules (Ow) as the collective variable (CV) 
to predict the reactivity of CO2 molecules with the portlandite surfaces in a CO2/H2O mixture. This 
choice of the collective variable ensures that the reaction barrier for sp3 hybridization of the carbon 
atom is estimated and does not include any proton transfers in the general reaction coordinates. The 
calculation of the atom coordination numbers is defined by the switching function, Cij(rij): 

 

𝐶𝑖𝑗(𝑟𝑖𝑗) =
1−(

𝑟𝑖𝑗−𝑑0

𝑟0
)
𝑛

1−(
𝑟𝑖𝑗−𝑑0

𝑟0
)
𝑚    ,     Eq. 25 

 

where rij is the instantaneous distance between atoms i and j, r0 is the distance beyond which the bond 
is considered to be broken and d0 is the central value of the switching function (i.e Cij(d0) = 1). m and 
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n are parameters of the switching function chosen in such a way that Cij(rij) tends to zero beyond r0. 
Gaussian hills with the width of 0.02 and an initial height of 3.3 kJ/mol were added every 50 fs. The 
well-tempered approach [51] with a bias factor of 50 was employed to ensure a smooth convergence 
of the free energy profile.  

The portlandite crystal model utilized in this work is characterized by the hexagonal crystal structure 

with lattice parameters a = b = 3.589 Å, c = 4.911 Å,  =  = 90° and  = 120° [86]. Portlandite, Ca(OH)2, 
is a layered mineral, with the layers consisting of distorted edge-sharing CaO6 polyhedra. Each 
hydroxyl group is connected to three calcium atoms in its layer and surrounded by three other 
hydroxyl groups belonging to the adjacent layer (see Figure 5a). To build the surface models of 
portlandite, supercells representing the crystal were created by multiplying the unit cell by 4 × 4 × 3 
along the a, b and c crystallographic directions, respectively. The supercells were then cleaved along 
the planes (001), (100) and (110) exposing surfaces with varying surface calcium atom coordination 
(Figures 5b and 5c). The portlandite/H2O/CO2 atomistic models were built by inserting the H2O/CO2 
molecules within a 10 Å vacuum space of the (001), (100) and (110) pores (see D5.1 and D5.7 for 
further details). 
 

 

a)

(001)

(100)

(110)
b) c)

Figure 5 - a) The crystal structure of portlandite. Illustration of the cleavage planes along the lowest energy surfaces: b) 
(001), c) (100) and (110) planes. Color legend: O, red; H, white; Ca, green. 
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Figure 6a shows the evolution of the free energy with the carbon atom coordination number to the 
oxygen atoms. The collective variable takes into account the oxygen atoms of both the H2O molecules 
and surface hydroxyl groups. The calculated free energies of reaction are 16.43 kcal/mol, 
10.08 kcal/mol, and 18.13 kcal/mol for the (001), (100) and (110) surfaces, respectively. The 
carbonation reaction product in all the cases is a bicarbonate ion, illustrated in the snapshots in 
Figure 6b. The values obtained by our approach are in good agreement with the reaction energy 
barriers predicted for the formation of bicarbonate complexes [87-89] and carbonic acid [89-93]. The 
free energy barrier of 18.13 kcal/mol for the reaction on the (110) surface is the highest for the 
surfaces investigated here.  

The carbonation reaction on the (110) surface is preceded by many proton transfers among the water 
molecules and the surface hydroxyl groups. Specifically, it directly involves concerted interaction of 
two H2O molecules, a hydroxyl group and a CO2 molecule. The reaction barrier is in good agreement 
with the 17.4 kcal/mol [91] and 19.3 kcal/mol [89] values estimated for the formation of carbonic acid 
at similar conditions. For both the (001) and (100) surfaces, the carbonation reaction involved one H2O 
molecule, surface OH group and a CO2 molecule. The H2O molecule donates a proton to the surface 
hydroxyl group and the resultant hydroxyl ion in turn interacts with a CO2 molecule to form a 
bicarbonate ion. The carbonation reaction barrier within the (100) surface is, however, noticeably low 
and is within the range of values obtained for the reaction of CO2 with the (001) surface in the absence 
of water [87-89].  

Figure 6 – a) (Left) The free energy evolution with the C atom coordination number for the (001), (100) and (110) systems 
with H2O/CO2 mixture confined therein. (right) The calculated free energy barrier values for the (001), (100) and (110) 

systems. b) The snapshots of the configurations of reacted CO2 with the portlandite surfaces; (left) (001) surface, (center) 
(100) surface and (right) (110) surface. The resultant 𝐻𝐶𝑂3

− ions are highlighted with circles. 
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We relate the variation of the free energy barriers in the formation of the bicarbonate complex to the 
structure of the water at the interface [94,95] which is in turn dictated by the surface chemistry and 
the degree of nanoconfinement [96,97].  A threshold H2O film thickness is required for carbonate 
precipitation, and recently Placencia Gomez et al. [98] have shown that carbonate precipitation 
becomes predominant at about 1.5 monolayers of water, below which the reaction products are 
limited to (bi)carbonate surface complexes. The arrangement of the water molecules in the vicinity of 
the three surfaces is distinct due to the disparity in surface chemistry and therefore this explains the 
variation in the carbonation reaction mechanisms. Notably, within the (001) and (110) pores, water 
molecules form a distinct layer between the CO2 molecules and the surfaces in contrast to the (100) 
pore where most of the water molecules occupy surface sites created by the missing hydroxyl groups 
due to the five-fold coordination of the surface Ca atoms, with only a small percentage occupying the 
rest of the pore space. Thus, there is no formation of a water layer between the CO2 and the (100) 
surface. Moreover, the adsorbed H2O molecules are strongly surface-associated and are not 
sufficiently free to reorient and to participate in the hydration of CO2 [94]. The low reaction barrier for 
the carbonation reaction on the (100) surface is hence associated to the chemisorbed H2O molecules 
and the absence of a full water layer between the CO2 and the surface. 

3.1.2 Classical GCMC and MD simulations of the interaction of CO2-rich fluids with C-S-H phases 

The investigation of the interactions of CO2-rich fluids with calcium silicate hydrate (C-S-H) phases 
started with performing grand canonical Monte Carlo (GCMC) simulations. The GCMC simulations 
performed using the Towhee computational package [99] enabled us to determine the density and 
composition of CO2/H2O mixture intercalated within C-S-H pores in equilibrium with bulk CO2/H2O 
mixture. The temperature and pressure conditions chosen for our simulations are 323 K and 90 bar 
which mimic the T/P conditions of carbon sequestration [100]. The chemical potential values for 
H2O/CO2 bulk mixtures at the specified temperature and pressure conditions were obtained from the 
work by Rao et al. [101]. 

Subsequently, to further investigate the behaviour of the H2O/CO2 fluid intercalated in the C-S-H nano-
channels, molecular dynamics (MD) simulations were performed using the LAMMPS simulation 
package [102,103]. The initial atomic configurations for the MD simulations were obtained from the 
GCMC calculations. Each MD run consisted of an initial equilibration of 1 ns in the NPT statistical 
ensemble and an additional 3 ns simulation in the NVT ensemble to generate equilibrium atomic 
trajectories for the subsequent property analysis. All the atom-atom interactions are described using 
the ClayFF [42] classical potential in its more recent modified version [104,105] which allows for more 
accurate description of the hydroxylated C-S-H surfaces and nanoparticle edges. The H2O and CO2 
molecules were described by the flexible SPC/E [43, 106] and EPM2 [107,108] models, respectively. 
Long range electrostatic interactions were calculated using the Ewald summation method [40,41] with 
a cut-off radius of 10 Å. Periodic boundary conditions [40,41] were applied in all three dimensions.  
To build the atomistic C-S-H models, the starting configuration was a tobermorite 14 Å crystal with a 
chemical composition of Ca5Si6O16(OH)2·7H2O [109] and a C/S ratio of 0.83. C-S-H is known to be a 
poorly ordered material, characterized by layered silicate structure resembling an imperfect 
tobermorite and/or jennite [110]. 
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Figure 7 – a) Atomistic C-S-H model with a C/S ratio of 1.75 illustrating the cleavage plane (002) to create a slit-like 
nanopore model. b) A 1 nm C-S-H slit pore model with confined H2O/CO2 mixture. Color legend: O, red; H, white; Ca, green, 

Si, yellow, C, grey. 

 

In this regard, guided by available spectroscopic and diffraction data [110-113], surface defects were 
introduced taking into account that silica tetrahedral dimers are the most abundant of all silicate 
species in C-S-H and linear pentamers are the second most abundant. The chemistry of tobermorite 
14 Å was modified by creating surface defects via removal of charge neutral SiO2 units, as suggested 
recently [114-115]. Once the defect has been introduced, local charge neutrality is satisfied by 
addition of H+ and Ca(OH)+.  For the high C/S systems, additional molecular H2O and Ca(OH)2 units are 
also introduced to obtain the desired C/S ratio. The C-S-H models investigated in this work have a C/S 
ratio of 0.83 (defect free), 1.25, 1.5 and 1.75 (Figure 7a). The constructed C-S-H atomistic models were 
used to create models of several slit-like pores of different sizes. For each of the system, planar pores 
of sizes 1-5 nm were created by cleaving the crystal model along the (002) plane and gradually 
increasing the interlayer space. The pore sizes selected for simulation are within the typical size of gel 
pores according to the C-S-H colloid model (i.e 1 to 12 nm) [116,117]. Figure 7b illustrates a 1-nm pore 
model filled with CO2/H2O mixture. 

The equilibrium concentrations of CO2 and H2O inside the C-S-H nanopores determined from GCMC 
simulations follows the approach of similar modelling studies for swelling clays [101,118]. Figure 8a 
shows that intercalation of CO2 within C-S-H decreases with increase in C/S ratio. This finding is related 
to the surface chemistry of the C-S-H models, whereby, as the C/S ratio is increased, the pore size 
widens due to deletion of SiO2 units and the number of surface calcium atoms increases.  The 
increased number of calcium cations and the strong hydration energy of calcium with polar H2O 
molecules explains the fact that high C/S ratio C-S-H models contain less CO2 and more H2O molecules. 
Other studies have reported that charge balancing cations have an effect on the intercalation of CO2 
in swelling clays [101,119-122]. As the pore sizes are increased from 1-5 nm there is an increase in CO2 
mole fraction, with H2O molecules forming a layer over the surface interface, while the CO2 molecules 
occupy the central region of the pore (Figure 8b and c). 
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Figure 8 – a) Intercalated CO2 mole fraction as a function of C/S ratio and pore size. Intercalated CO2/H2O mixture within b) 
1 nm pore and c) 5 nm pore. 

 

The H2O and CO2 density profiles along the confinement direction of C-S-H pores show oscillations 
which are typical of fluids in nano-confinement (Figure 9). There is formation of distinct layers of H2O 
near the surface for all the systems. For C/S of 0.83, the density profile for the 1-nm pores (Figure 9a) 
show that CO2 molecules lie within the first hydration layer of the surface; coexisting with the water 
molecules. The peak on the left of the surface is attributed to the H2O/CO2 molecules trapped within 
the channels formed by the silicate chains running along the [010] crystallographic direction. In 
contrast, for higher C/S ratios (Figures 9b-d), the CO2 molecules are located far off from the surface 
with H2O molecules forming a definite layer adjacent to the C-S-H surface. At low relative humidity, 
H2O molecules form two distinct layers on the surface while CO2 molecules occupy the middle of the 
pore (Figure 9d). 

 

Figure 9 – The atomic density profiles of H2O oxygen (Ow), CO2 oxygen (C) and surface oxygen (O) atoms with 1 nm pores; 
a) C/S 0.83, b) C/S 1.25, c) C/S 1.5, d) C/S 1.75 and 5 nm pores; e) C/S 0.83, f) C/S 1.25, g) C/S 1.5, h) C/S 1.75. The surface is 

defined by the average positions of the surface silicate non-bridging oxygen atoms. 

 

For C-S-H pores greater than 1 nm, there is confinement of a CO2-rich phase in the central region of 
the pores (Figure 9e-h). The water film on the surface of C-S-H is expected to hinder direct reaction of 
CO2 with the surface. These larger pores also highlight the accumulation of CO2 molecules close to the 
H2O/CO2 interface indicated by a small peak.  

Relevant information on the solvation structure of the atoms can be gained by examining the radial 
distribution functions (RDFs) for atomic pairs of interest. Figures 10a-d show the RDFs of the surface 
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oxygen (Os) and calcium atoms (Ca) with the oxygen atoms of the H2O (Ow) and CO2 (Oc) molecules for 
the 1 nm pores. The Os-Ow RDF show a peak at ~2.5 Å and are similar for all the systems. This indicates 
that the local coordination of the water molecules around the surface oxygen atoms remain unaltered 
as the C/S ratio increases. However, Os-Oc RDF show a strong dependence with C/S ratio. In particular, 
at a C/S ratio of 0.83, the peak of the first hydration shell is located at ~3.3 Å (Figure 10a), while at 
higher C/S systems it displays a slight shoulder at ~4.0 Å. This shift highlights that CO2 molecules are 
further away from the surface for higher C/S ratio models. For the calcium atoms, the first and second 
hydration shell water molecules according to the Ca-Ow RDF lie at ~2.3 Å and ~4 Å respectively from 
the calcium atoms for all the systems. The position of the hydration shells is slightly shifted to ~2.6 Å 
and 5 Å for the case of CO2 oxygen atoms, which implies that calcium atoms are principally hydrated 
by H2O molecules. At a very low relative humidity (RH) of 7%, there is no significant change on the RDF 
except for the Os-Oc RDF where the CO2 molecules are closer to the surface (see figure 6d for a case 
of C/S ratio of 1.75). This can be understood as due to the reduced number of water molecules on the 
surface.  

The calcium—oxygen coordination numbers defined as the total neighbouring oxygen atoms 
that are within the first hydration shell from the central calcium atom are shown in figure 6 (right). 
Our results show that the average coordination number of Ca-Ow and Ca-Oc both reduce with increase 
in C/S ratio. We attribute this trend with the surface chemistry of C-S-H, where, as the C/S ratio is 
increased, more calcium atoms and hydroxyl ions occupy the surface sites, reducing the occupancy of 
the H2O and CO2 molecules. This explains the higher values of calcium—hydroxyl oxygen (Oh) 
coordination number for high C/S ratio C-S-H models. 

 

Figure 10 – (Left) Radial distribution functions (RDFs) of the surface oxygen (Os) and calcium atoms with H2O oxygen (Ow) 
and CO2 oxygen (Oc). a) C/S 0.83, b) C/S 1.25, c) C/S 1.5 and d) C/S 1.75. (Right) The atom-atom coordination numbers for 
the calcium atoms with H2O oxygen (Ow), CO2 oxygen (Oc), surface silicate oxygen (Os) and hydroxyl oxygen (Oh) and CO2 

carbon (C) with H2O oxygen (Ow). 

 

The C-Ow coordination number shows that CO2 molecules are coordinated mainly by H2O molecules, 
achieving on average a coordination number greater than 17 in all the models.  This value is consistent 
with MD simulations [118] of carbon-oxygen coordination in montmorillonite clay hydrates which give 
an average coordination number of 15.9 and 16.7 for monolayer and bilayer systems respectively. At 
low RH, there is an evident increase in the Ca-Os and Ca-Oh coordination numbers for the same reason 
of reduced amount of surface interfacial water. 

The transport of CO2/H2O mixtures is quantified by the calculation of parallel self-diffusion coefficient 
values (Figure 11). The diffusion of CO2 within hydrated cement is an important parameter in assessing 
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cement degradation as it leads to carbonation of hydrated cement paste. Specifically, durability of 
concrete largely depends on the ease with which fluids, both liquids and gases, can enter into, and 
move through, the concrete [123]. Our results indicate that the diffusion H2O and CO2 molecules 
within the smallest pores (1 nm pores) is comparable in magnitude. Nanoconfinement plays a 
significant role in inhibiting diffusion of the confined fluids at this pore size scale [96]. Increasing the 
pore size only affects the diffusion of CO2. Water diffusion in these pore models is surface dominated 
and pore size independent due to the strong interaction of the water with C-S-H surface. The variation 
of the C/S ratio does not play a significant role in altering the diffusion coefficient of either H2O or CO2. 

 

 

Figure 11 – Parallel self-diffusion coefficient of H2O and CO2 molecules confined within C-S-H pores of varying pore size 
and C/S ratio. 

3.2 Fluid transport in porous media by means of atomistic MD simulations 

3.2.1 Fluid transport in single nanopores 

Carbon dioxide (CO2) injection in geologic reservoirs could provide one solution for carbon capture 
and storage (CCS) strategies [124-126]. Fine-grained sedimentary rocks (shales and mudstone) can 
provide caprocks in CCS sites [127,128]. These rocks also play important roles in shale gas production 
[129]. As-produced shale gas from Haynesville and Barnett shales in the USA, and Horn River in 
western Canada, contains various amounts of CO2, [130-134] and up to several hundred ppm of 
hydrogen sulfide (H2S), even in sites in which H2S was absent in initial assessments [135]. The produced 
gas is ‘sweetened’ [131, 133] to avoid harmful effects on health, safety and environment [136]. In 
some cases, it might be attractive to re-inject both H2S and CO2 in the formation [137].  

A comprehensive understanding of the fundamental mechanisms responsible for carbon bearing-fluid 
migration in the presence of CO2/H2S is crucial for risk assessment and site selection for geologic CCS, 
monitoring H2S emissions, and perhaps identifying innovative enhanced oil recovery (EOR) processes 
that use CO2 and H2S [138,139]. Because a thorough quantification of the phenomena that govern 
fluid transport in the complex heterogeneous pore networks found in organic-rich shale caprocks, 
which consist of crowded nano-pores that provide poor connections between dispersed pockets of 
organic matter, remains elusive, due to the practical difficulties in observing fluid transport in such 
complicated systems, computational approaches could be helpful [17,140-142].  

This study probes transport of systems containing CO2, H2S, and methane (CH4), through realistic 2 
nm amorphous silica nano-pores saturated with benzene molecules, a model to mimic organic-rich 
shale caprocks. The number of benzene molecules introduced in the system (400) was sufficient to fill 
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the pore volume and form thin layers on the solid substrate outside the pore. The transport results 
are complemented by careful analysis of mutual solubility, free energy profiles, and structure of the 
confined systems. Atomistic MD simulations are conducted at geological temperature (300 K) and 

pressure (13.9 MPa) conditions [143,144]. Various system compositions in the bulk reservoirs are 
considered, as shown in Table 3. Once equilibrium was achieved, system properties such as density 
profiles for CO2, H2S, CH4 and benzene molecules were determined within the pore as well as in the 
bulk reservoirs (see Table 4).  
 

Table 3 – Compositions of CH4, CO2, and H2S in the bulk reservoirs for all systems simulated before equilibration. 

System nCO2 nCH4 xCO2 xCH4 

0  1100 0.0 1.0 

1C 50 1080 0.04 0.96 

2C 100 1060 0.09 0.91 

3C 200 1000 0.17 0.83 

4C 400 900 0.31 0.69 

5C 500 860 0.37 0.63 

6C 600 830 0.42 0.58 

7C 700 800 0.47 0.53 

8C 800 750 0.52 0.48 

System nH2S nCH4 xH2S xCH4 

1H 50 1090 0.04 0.96 

2H 100 1080 0.09 0.91 

3H 200 1050 0.16 0.84 

4H 400 1010 0.28 0.72 

5H 500 995 0.33 0.67 

6H 600 980 0.38 0.62 

7H 700 960 0.42 0.58 

 

We calculated the solubility of CO2, H2S, and CH4 in confined benzene as a function of system 
composition. The results (Error! Reference source not found.A, left panel) suggest that H2S and CO2 
solubility increases linearly when the respective bulk mole fractions increase to 0.21 and 0.12. H2S 
(yellow) is more soluble in confined benzene than CO2 (blue), achieving a solubility coefficient of 7.26 
(0.33 MPa-1) compared to 2.38 (0.13 MPa-1) for CO2. For comparison, H2S is more soluble in bulk 
benzene than CO2, with experimental solubility coefficients being 0.56 MPa-1 for H2S and 0.15 MPa-1 

for CO2 at 300 K [145-146]. Because bulk simulations over-estimate the experimental solubility, the 
results in Error! Reference source not found.A suggest that confinement strongly reduces the solubility 
of H2S and CO2 in benzene, which is contrary to many results for other confined systems, in which 
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confinement increases solubility [147,148]. It is possible that confined benzene cannot solvate CO2 
and H2S molecules as effectively as it does in the bulk, a mechanism similar to the one invoked to 
explain the lower H2S solubility in confined water [149].  

 

Table 4 – Mole fraction of CH4, CO2, and H2S in the bulk reservoirs as well as number of CH4, CO2, H2S and benzene 
molecules confined in the pore for all systems simulated after equilibration was achieved. 

 Bulk Reservoirs  Pore 

System xCO2/H2S xCH4  nCO2/H2S nCH4 nC6H6 

0 0.0 1.0  0 97 236 

1C 0.03 0.97  13 98 231 

2C 0.05 0.95  28 96 227 

3C 0.10 0.90  51 88 220 

4C 0.21 0.79  102 77 204 

5C 0.27 0.73  122 78 192 

6C 0.30 0.70  151 72 184 

7C 0.34 0.66  167 71 176 

8C 0.40 0.60  183 64 175 

1H 0.02 0.98  21 100 227 

2H 0.03 0.97  43 95 221 

3H 0.06 0.94  80 89 208 

4H 0.12 0.88  152 83 180 

5H 0.15 0.85  170 84 172 

6H 0.19 0.81  196 80 160 

7H 0.21 0.79  220 79 152 



Deliverable D5.4 

 

PU Page 34 of 70 Version 6.2 

 

 

Figure 12 – A) Solubility of CO2/H2S (blue/yellow, left panel), and CH4 (blue/yellow, right panel) inside the benzene-filled 
pore at 300 K as a function of CO2/H2S and CH4 mole fractions, respectively, in the bulk reservoirs. B) Amount of confined 

benzene per adsorbed CO2/H2S molecule as a function of CO2 (blue) and H2S (yellow) bulk mole fractions. Closed and open 
symbols represent data obtained during adsorption and desorption of CO2/H2S, respectively. C) In-plane surface density 
distributions of benzene molecules within first, second, third, and fourth layers formed within the amorphous silica pore. 
Results are obtained for CO2-CH4 (left) and H2S-CH4 (right) mixtures at various CO2/H2S bulk mole fractions, as indicated 

above the panels. 
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Our results show that loading H2S into the benzene-filled SiO2 pore enhances the solubility of CH4 in 
the same pore, while adding CO2 reduces CH4 solubility (Error! Reference source not found.A, right 
panel). This observation could have ramifications for improving shale gas extraction. Our simulations 
also suggest that CH4 is less strongly adsorbed in the SiO2 pore filled with benzene compared to H2S 
and CO2. 

The amount of benzene confined in the nano-pore decreases as the bulk mole faction of CO2 (blue) 
and H2S (yellow) increases (Error! Reference source not found.B). In particular, our analysis suggests 
that ten H2S molecules displace four C6H6 from the pore, while ten CO2 molecules displace three C6H6 
molecules. These results suggest that varying the minority fluids mixed with CH4 strongly affects the 
structure of organics trapped in caprocks nano-pores, and might also be responsible for the 
pronounced differences observed for CH4 solubility in confined benzene (Error! Reference source not 
found.A, right panel).  

To assess whether the results shown in Error! Reference source not found.A and Error! Reference 
source not found.B are representative of equilibrated systems, we carried out adsorption-desorption 
cycles. By employing the ‘evaporate’ and ‘deposit’ procedures available in the software package [150], 
we extracted CO2/H2S molecules and simultaneously inserted CH4 into the simulated systems. The 
results in Error! Reference source not found.A and Error! Reference source not found.B show negligible 
adsorption-desorption hysteresis, suggesting that all simulated processes are reversible and that the 
results represent equilibrated systems. The results show (Error! Reference source not found.B) that 
reducing the bulk CO2/H2S mole fraction prompts benzene re-adsorption into the SiO2 nano-pore.  

To document the molecular structure of benzene inside the crowded pore, we calculated in-plane 
surface density distributions of benzene carbon atoms within layers parallel to the pore surface. The 
results for CO2-CH4 (left) and H2S-CH4 (right) mixtures are shown in Error! Reference source not 
found.C. The first and fourth layers are near bottom and top silica surfaces, respectively, while the 
second and third layers are approximately in the middle of the pore. The high-density areas (red-
yellow spots) of the contour plots indicate positions where the benzene molecules preferentially 
reside. The results strongly suggest that the distributions of benzene molecules in the first and fourth 
layers are not altered by the presence of CO2 and H2S, indicating that the adsorbed CO2/H2S molecules 
are not able to displace the benzene molecules adsorbed on the pore surfaces. Rather, they displace 
the benzene molecules accumulated in the middle of the pore, with the result that the distribution of 
corresponding benzene molecules changes significantly as the CO2/H2S bulk mole fraction increases. 
The density profiles suggest that H2S displaces more benzene than CO2 does, which is consistent with 
the results of Error! Reference source not found.B. We conducted additional simulations for some 
systems in which the SiO2 pore was initially exposed to CO2/H2S and subsequently to benzene. The 
results for the distributions of benzene molecules near the silica surfaces were similar to those shown 
in Error! Reference source not found.C, which suggests preferential adsorption of benzene on silica for 
the systems considered here. 

To understand the results shown in Error! Reference source not found., we calculated the adsorption 
energy of benzene, CH4, CO2, and H2S molecules in the nano-pore filled with benzene and CH4 using 
the two-box approach by Heinz [151]. This method involves the simulation of the adsorbate within the 
pore and in bulk (Error! Reference source not found.A). The results in Error! Reference source not 
found.B show that H2S is more strongly adsorbed than the other species, achieving an adsorption 
energy of -2.13 eV. To compare the values in Error! Reference source not found., we refer to ab initio 
studies of H2S-benzene, CO2-benzene, CH4-benzene, and benzene-benzene dimers.[95-98] The 
correspondent interaction energies are ~ -2.83, -2.55, -1.47 and -1.81 to -2.78 kcal/mol, respectively 
[152-155]. The results in Error! Reference source not found. explain why benzene is displaced more 
effectively by H2S than by CO2. The interaction energies for benzene-benzene dimers with the T-
shaped and parallel-displaced configurations are -2.74 and -2.78 kcal/mol [154], both stronger than 
the ones reported for CO2-benzene dimers (-2.55 kcal/mol) [152]; the highly positive adsorption 
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energy calculated here (0.44 eV, see Error! Reference source not found.B) suggests that benzene is 
unlikely to be adsorbed in the nano-pore considered, probably because the pore is already filled. 

 

 

Figure 13 – A) Representative simulation snapshots for the calculation of average energies (one benzene, CH4, CO2, and 
H2S molecule) within the SiO2 pore filled with benzene and CH4 (top) and in the bulk reservoirs containing only CH4 (bottom) 

at 300 K. B) Adsorption energies of benzene, CH4, CO2, and H2S in the pore filled with benzene and CH4. 

 

A pressure gradient is imposed through the benzene-filled nano-pores via implementing boundary 
driven non-equilibrium simulations. As a function of the pressure gradient, a molecular flux is 
established. Once the steady state flow is achieved, we extracted molar fluxes, permeability and 
transport diffusivity, Dt. The latter is quantified in the limit of the external force approaching zero, 
when the structure of the benzene-filled pore should remain unchanged in response to the applied 
pressure. This is confirmed via in-plane density distributions at equilibrium and during flow in Error! 
Reference source not found.. 

The molar flux against the concentration difference along the X direction, Ji, was quantified by 
counting the number of molecule species i which passed through a Y-Z plane at a given X location 
within the pore as a function of the production similation time, t, and the cross sectional area across 
which the flux occurred, A(x) [156]:  

𝐽𝑖 =
(𝑁𝑖

+ −𝑁𝑖
−)𝑥

𝑡𝐴(𝑥)
  Eq. 26 

In Eq. 26, Ni
+ and Ni

- denote the number of molecule species i that have passed the plane from right 
to left and left to right, respectively.  
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Figure 14 – In-plane surface density distributions of benzene carbon atoms found within first, second, third and fourth 
layers at equilibrium (left panels) and during flow (right panels) for the 200CO2-1000CH4 mixtures moving across the pore 

filled with benzene at 300 K. 

 

Once the flux is known, permeability, K, can be determined based on Darcy’s law [157], which shows 
a linear relationship between molar flux and pressure drop across a porous medium:  

𝐽𝑖 = −𝐾𝑖
𝑑𝑃𝑖
𝑑𝑥

  Eq. 27 

The pressure drop, dP, for each species i (CH4, CO2, or H2S) was calculated using the Peng-Robinson 
equation of states using the molecular density of each specie in the feed and permeate regions as 
inputs.[17,21] By substituting the molar flux Ji from Eq. 20, Eq. 21 can be rearranged and integrated 
to obtain K:  
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𝐾𝑖 =
1

∆𝑃. 𝑡
∫
(𝑁𝑖

+ −𝑁𝑖
−)𝑥𝑑𝑥

𝐴(𝑥)

𝑙

0

  Eq. 28 

Note that the cross-sectional area of one plane within the pore A(x) varies along the X direction of the 
pore because of the roughness of the amorphous silica substrates as well as the non-uniform 
distribution of benzene inside the pore. Thus, A(x) should be calculated based on the volume available 
for the various species CH4, CO2, and H2S to occupy.  

 

 

Figure 15 – A) Permeability and B) Transport diffusivity as determined by boundary driven non equilibrium MD 
simulations across the benzene-filled pore for CO2, H2S (blue, yellow closed symbols in the left panels, respectively) and CH4 

(right panels) for the various systems considered. Self-diffusivity data (open symbols), as determined by the Green-Kubo 
formulation, are also reported for CO2/H2S and CH4

 in panels B. C) Molar flux of methane in CO2-CH4 (blue) and H2S-CH4 
(yellow) mixtures across the benzene-filled SiO2 nano-pore as a function of CO2/H2S bulk mole fraction. 
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In Error! Reference source not found.A, the permeabilities are shown for CO2 and H2S (left panel, blue 
and yellow, respectively) as well as CH4 mixed with CO2/H2S (right panel, blue/yellow) as a function of 
system composition. We only considered systems with CO2 (/H2S) mole fraction < 0.21 (/0.12) as these 
exhibit linear changes in the adsorption isotherms (see Error! Reference source not found.A) and 
because the CH4 mole fraction in shale gas is typically > 0.8 [158,159]. The results in Error! Reference 
source not found.A show that H2S permeates the pore much faster than CO2 and CH4. Increasing both 
CO2 and H2S bulk mole fraction enhances the permeability of all species, probably due to the fact that 
CO2 and H2S displace benzene from the pore, opening preferential pathways across the crowded nano-
pore. 

The permeability of CO2, H2S, and CH4 depend linearly on CO2/H2S bulk concentrations. Notably, the 
results show a decline in the rates of permeability increase for CH4 mixed with CO2 at CO2 mole 
fractions > 0.05. The permeability of CH4 mixed with H2S is larger than that of CH4 mixed with CO2 at 
xCO2/H2S > 0.05, indicating that ultilizing H2S could be advantageous for improving shale gas extraction.  

The transport diffusivity for the various gases can be extracted by dividing the permeability by the 
solubility within the nano-pore [160].  

𝐷𝑡,𝑖 =
𝐾𝑖
𝑆𝑖

  Eq. 259 

where Si is the solubility of species i within the pore. The solubility of species i is calculated as the 

ratio of its density in the pore, i, and its partial pressure in the bulk feed side, pi, using the slope of 
the simulated adsorption isotherms (see Error! Reference source not found.) obtained in the linear 
regime, at high CH4 mole fraction:   

𝑆𝑖 =
𝜌𝑖
𝑝𝑖

  Eq. 30 

We report solubility data for each specie in  

Table 5. 

 

Table 5 – Solubility for CO2, H2S, and CH4 in CO2-CH4 and H2S-CH4 mixtures in the pore filled with benzene at 300 K. 

 CO2-CH4 H2S-CH4 

CO2 CH4 H2S CH4 

Solubility (1/(Å3.MPa) 810-4 410-4 2010-4 4.810-4 

 

In interpeting those results, it should be noted that, as the mole fraction of CH4 decreases, the amount 
of benzene in the pore also decreases (see Error! Reference source not found.B). We also computed 
the self-diffusivity for the various species inside the crowded pore using the Green-Kubo formulation 
[161].  

In Error! Reference source not found.B, we present transport- (closed circles) and self- (open squares) 
diffusivity for CO2 and H2S (left panel, blue and yellow, respectively) and for CH4 (right panel) for the 
various systems simulated. Similar to the permeability results, we observe a linear relation between 
transport (/self) diffusivities of CO2/H2S and the correspondent bulk mole fractions. However, the 
transport (/self) diffusivity of CH4 first decreases upon loading CO2/H2S, and then increases. The results 

show that CH4 diffuses faster than CO2 and H2S, achieving transport (/self) diffusivity of 2.46.810-

9 m2/s, as opposed to 2.253.510-9 m2/s for CO2 and H2S when the CO2 (/H2S) mole fraction is < 0.21 
(/0.12). This is probably a consequence of the weaker attraction between CH4 and the benzene-filled 
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pore (see Error! Reference source not found.). In contrast, although H2S is more strongly adsorbed 
inside the pore than CO2, it moves faster than CO2, possibly because H2S displaces more benzene from 
the pore than CO2 does (see Error! Reference source not found.B). At infinitely diluted conditions 

(xCO2/H2S → 0), the transport diffusivity of CO2 and that of H2S are similar (2.310-9 m2/s). Recently, An 
et al.  [162] conducted nuclear magnetic resonance experiments to measure methance diffusion in 

seven organic-rich shale samples from a Middle Eastern source rock. At 13.9 MPa and ambient 

temperature, the methane diffusion coefficient was found to be 2610-9 m2/s, comparable to the 
results obtained in this study. 

For isothermal mass tranfer of pure species through a porous medium, transport diffusivity is generally 
greater than self-diffusivity, due to the fact that interparticle correlations affect collective diffusivity, 
positively contributing to transport [163]. Our results differ from this general trend, since the transport 
diffusivity of all gases considered is slower than the correspondent self-diffusivity. This unexpected 
result is probably due to molecular clustering. Molecular clustering within pores is often ascribed to 
hydrogen bonding [164]. A recent experimental study provided evidence that the H2S dimer has an 

anisotropic structure exhibiting one S-H‧‧‧S hydrogen bond (HB) [165]. In addition, the interactions 

between benzene and H2S are due to SH- interactions, a type of HB abundant in biological systems 
[166]. Interactions between benzene and CO2 also include weak HB-type forces [152]. These effects 
could lead to clusering. Indeed, surface density distributions for H2S and CO2 within various layers 
inside the crowded nano-pore (Figure 16) provide conclusive proof of the existence of molecular 
clusters in our systems. These clusters appear to be more pronounced in the presence of H2S rather 
than CO2. 

 

 

Figure 16 – In-plane surface density distributions of CO2 (top) and H2S (bottom) molecules found within first, second, third 
and fourth layers for the representative 100CO2-1060CH4 and 100H2S-1080CH4 mixtures in the pore filled with benzene at 

300 K, respectively. 

 

Although the value for the transport diffusivity of CO2 (/H2S) should approach the correspondent self-

diffusivity, Ds, at low mole fraction, we observe a small deviation between Dt and Ds at xCO2/H2S  0. 
This discrepancy is ascribed to uncertainties in the calculation of self-diffusivity using the Green-Kubo 
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method, which is based on the integration of velocity-velocity autocorrelation functions over infinite 
times [167].  

Although the transport diffusivity of CH4 in the presence of either CO2 or H2S is slower than that for 
pure CH4 (Error! Reference source not found.B, right panel), we observe an increase of CH4 molar flux 
when loading CO2 or H2S (Error! Reference source not found.C). This confirms that CO2 and H2S play 
the role of carriers, facilitating CH4 transport through the crowded nano-pore [168,169]. The 
facilitated transport factors are estimated to be ~1.46 and 1.77, respectively. 

 

 

Figure 17 – Free energy landscapes projected onto planes parallel to the pore surface for one CO2 (panel A) and one H2S 
(panel B) molecule travelling inside the crowded nano-pore (system 0, with composition shown in Table 3), and that for one 
CH4 molecule moving inside the pore of system 1C (panel C) and 1H (panel D). The results are obtained from well-tempered 
metadynamics simulations. The collective variables chosen are the components of the distance along the three Cartesian 

coordinates (X, Y, Z) between one molecule species i and the centre of the benzene-filled pore. 

 

For solute transport through pores filled with solvents (i.e., our crowded SiO2 pore), the local 
distribution of solvent molecules determines preferential transport pathways for the solute [19,21]. 
To better understand the transport behaviour of CO2, H2S, and CH4, we quantified free energy (FE) 
landscapes by implementing well-tempered metadynamics [170,171]. The results for CO2 and H2S 
(Figure A and Figure B, respectively), show that the path connecting neighboring FE wells for CO2 is 
longer and more tortuous than the one encountered by H2S. However, to traverse the pore, H2S 
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molecules can only jump from one FE well to another, across barriers of 9 kcal/mol; whereas, CO2 

only encounters barriers of 6.4 kcal/mol [19]. This suggests that the CO2 molecule can travel more 
easily, notwithstanding the more tortuous path, compared to H2S. In our systems, it appears that the 
longer path length that charactierises CO2 transport is balanced by the the lower FE barriers, as the 

pore diffusivity of CO2 is similar to that for H2S (2.310-9 m2/s) at xCO2/H2S → 0. 

In Figure C and Figure D we found similar patterns connecting FE wells as experienced by CH4 in 
systems 1C and 1H (in the presence of CO2 and H2S, respectively); however,in the presence of CO2, 
deep FE wells appear, within which CH4 molecules accumulate. Lower FE barriers are found in system 

1C (4.4 kcal/mol) compared to those observed for system 1H (6.3 kcal/mol), likely due to the weaker 
attractive interactions between benzene-CO2 than those between benzene-H2S. This difference in 
barriers seem to be correlated, and potentially explain why the diffusivty of CH4 in the pore of system 
1C (50CO2-1080CH4) is greater than that in system 1H (50H2S-1090CH4) (Error! Reference source not 
found.B, right panel).  

In conclusion, our simulations demonstrate that adding fluids such as CO2 or H2S impacts significantly 
fluid transport mechanisms in organic-rich sedimentary rocks. Particularly, CO2/H2S adsorption 
displaces and perhaps swells the organics, leading to  noticeable differences for CH4 solubility in 
confinement. More importantly, CO2 and H2S facilitate CH4 transport through organic-rich caprock 
pores, acting as mobile carriers. Our results emphasize the importance of fluid-fluid and fluid-pore 
interactions, compounded by changes in the structure of confined fluids, in determining transport 
mechanisms of importance for geo-energy applications such as carbon sequestration in caprocks and 
enhanced hydrocarbon production, and provide a general understanding of fluid transport in crowded 
pores frequently encountered in Nature. 

3.2.2 Fluid transport in hierarchical pores 

In this study, we employ the boundary driven NEMD (BD-NEMD) approach to simulate methane flow 
through hierarchical amorphous silica porous materials representative of those found in shale gas 

plays at geological temperature (338 K) and pressure (20 MPa) conditions. The model materials were 
constructed as a simplified representation of shale matrixes. In shale rocks, small amount of organic 
material (kerogen) is dispersed within large matrixes of various minerals, some of which can be 
siliceous [172,173]. By applying the simulations on ‘synthetic’ model porous materials, we collect 
results for permeability and diffusivity, and we correlate such results with pore structure information. 
To estimate the fluid diffusivity through a porous medium, empirical correlations have been proposed 
that predict deviations compared to bulk fluid properties, as well as theoretical models based on 
oversimplified pore geometry [174,175]. Recently, for example, Hlushkou and Tallarek proposed an 
analytical formula involving three-point microstructural parameter and porosity for effective 
diffusivity prediction based on a number of physically reconstructed packed beds of fully porous and 
core-shell particles [176]. In most cases, it is customary to divide the diffusivity in three factors: the 
void space in the porous medium, the average path length available across the medium, and the 
shrinkage in the effective flow because of changes in the pore cross-section [177,178]. Three 

macroscopic descriptors follow: porosity (), tortuosity (), and constriction factor (C). Because 
tortuosity cannot be measured directly, it has been attempted to estimate it from porosity [179,180]. 
The constriction factor is important when the fluid molecules have size comparable to the pore size 
[179,181], which is the case for shale rocks. 

We use simulation results to first correlate tortuosity with both porosity and constriction factor, and 
then we derive a quantitative relation between fluid transport and pore structure parameters that can 
be obtained once experimental data are available for a pore network. The empirical relation proposed 
for estimating diffusivity and permeability could have important implications for understanding 
structure-transport relations, but also for predicting fluid transport in shale reservoirs. 
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Figure 18 – (A) Representative geometry of hierarchical amorphous silica porous materials consisting of both micropores 

(0.4 – 1.1 nm) and mesopores (3.8 nm). Yellow, red and white spheres represent silicon, oxygen and hydrogen atoms, 
respectively. (B) Schematic illustration of various hierarchical porous media classified within three general groups: (1) three 
pore networks in Group I with porosity 0.61 and 2 blocks A (top), six pore networks in Group II with porosity 0.53 and two 

blocks A and one block B (middle) and 1 pore network in Group III with porosity 0.53 and 4 blocks B (bottom). 

 

We built model hierarchical porous media from amorphous silica. The models for hydroxylated 
amorphous silica surfaces were taken from those published by Ugliengo et al. [182]. From the 
amorphous silica just described, we constructed hierarchically ordered micro-mesoporous materials 
that presented inter-connectivity between two domains [4,18], including both micro- (0.4 – 1.1 nm) 

and meso-porosities (3.8 nm) [2], as illustrated in Figure . We built ten model systems. The 
heterogeneity length scale of the synthetic systems considered here is within the scope of micro-
mesoporous solid media [2]. We duplicate the unit-cell to create two parallel silica slabs and blocks A 
and B. The periodicity in surface functional groups is generated due to the duplication of the unit cells 
of our amorphous material. Two parallel silica slabs, which yield a slit-shaped mesopore, have X and Y 
dimensions of Lx,p = 12.048 nm and Ly,p = 3.986 nm. Within this mesopore we placed blocks A and B at 
different locations to create pore networks. The  X, Y and Z dimensions for the silica blocks A and B 

were 4.014  3.986  1.5 and 2.677  3.986  1.5 nm3, respectively. We saturated the pore edges with 
OH groups to achieve the surface density of OH groups (4.5 OH nm-2) consistent with experiments. No 
DFT calculations were performed in the present study.  

The pore networks are classified within three general groups (Figure , panel B): (1) Three pore 
networks in Group I have absolute porosity 0.61 (ϕ1 = 0.61), and they consist of 2 silica slabs and 2 
blocks A (top). The position of the A blocks varied in these pore networks. (2) Six pore networks in 
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Group II have absolute porosity 0.53 (ϕ2 = 0.53), and they consist of 2 silica slabs, 2 blocks A, and 1 
block B (middle). (3) One pore network in Group III (bottom) is composed of 2 silica slabs and 4 blocks 
B, yielding absolute porosity 0.53 (ϕ2 = 0.53).  

 

 

Figure 19 – Top: Representative simulation snapshots for the final configuration of methane moving across the pore 
network in Group I (system 1) at 338 K. An external force of 0.05 kcal/mol.Å is applied to methane molecules (cyan spheres) 

in the shaded region to drive flow through pores with the direction of the arrow. Bottom: Resultant density profile for 
methane along the length of simulation box in the X direction. 

 

In Figure  we show one simulation snapshot (top panel) and the density profile (bottom panel) for 
methane distributed along the length of the simulation box in the X direction when the applied 
external force is 0.05 kcal/(mol.Å). The results are shown for one pore network in Group I (system 1). 
The results show that the external force, which is applied to the methane molecules located in a thin 
slab (shaded region) (see Figure ), yields a pressurised zone on the right of the porous media, within 
which an increase in methane density is observed. This is the ‘retentate’ volume. This external field is 
considered equivalent to imposing a density (or a pressure) gradient, leading to a macroscopic flux in 
the direction of the arrow in Figure . Under conditions of macroscopic density gradient, each methane 
molecule is more likely to diffuse from the higher density to lower density side, and the flow develops 
through the pores to the ‘eluate’ volume on the left of the pore network. A moderate external force 
yields a moderate perturbation to the simulated fluid, in correspondence to which the methane 
density in both bulk regions to the left and to the right of the pore network remains constant. Once 
steady states are achieved, the resultant methane density profile inside the network shows a wavelike 
pattern similar to the one observed during equilibrium simulations, when no external force is applied 
(see Error! Reference source not found., panel A). In Error! Reference source not found., panel B we 
report the in-plane density distributions of methane within layers closest to the bottom (left) and top 
(right) silica slabs at equilibrium (top) and during flow (bottom) for system 1. Our analysis reveals that 
the positions of the high-density regions where methane molecules prefer to reside in equilibrium 
simulations are similar to those occupied preferentially when external forces are applied. These high 
methane density regions correspond to the locations of peaks of the wave as shown in Error! 
Reference source not found., panel A. This suggests that the external forces considered do not perturb 
strongly the structural properties of confined methane. However, once flow is induced, the density 
profiles show a decreasing gradient from the retentate (right) to the eluate volumes (left). 



Deliverable D5.4 

 

PU Page 45 of 70 Version 6.2 

 

 

Figure 20 – A) Resultant density profile of methane along the length of simulation box in the X direction when the applied 
force is 0.05 kcal/mol.Å and when no force is applied. B) In-plane surface density distributions of methane molecules found 
in layers closest to the bottom (left panels) and top (right panels) silica slabs at equilibrium (top) and during flow (bottom). 

Results were obtained for system 1. 

 

Transport diffusivities were estimated from the density gradient and molar flux, which were quantified 
by fitting steady-state simulation results to the Fick’s first law [183]:  

𝐽𝑡 = −𝐷𝑡
𝑑𝜌

𝑑𝑥
  Eq. 26 

In most cases, both convective (pressure-driven) and diffusive (chemical potential gradient) 
contributions contribute simultaneously to the total flux, which could therefore be descrbed as the 
sum of a convective flux and a diffusive flux. At the macroscale, the phenomenological transport 
coefficient Dt is therefore assumed to incorporate both diffusion and advection (convection) 
contributions [184,185]. On the other hand, several computational studies [2,156,163,186], which 
focus on the fluid transport across porous materials at the microscale, describe the transport 
coefficient Dt of Eq. 31 as an effective diffusivity, including both diffusive and convective contributions. 
In the limit of a fading pressure-driven scenario (no convective flux) such as the case considered here, 
the parameter Dt in Eq. 31 is expected to approach the transport diffusivity [156].  

We characterized methane transport across porous media of varying cross-section channels oriented 
in the direction of the fluid transport. Once steady states are achieved, we obtain constant flow rates 
through the pore networks. The molar flux Jt is calculated as the ratio of the constant flow rate Q and 
the cross-section area of a channel at a given x location, A(x). By substituting the molar flux Jt with the 
ratio of the constant flow rate Q and the cross-sectional area of a channel A(x) along the X axis, we 
rearrange Eq. 31 and then integrate it to obtain effective diffusivities:  
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𝐷𝑒 =
𝑄

∆𝜌
∫

𝑑𝑥

𝐴(𝑥)

𝐿

0
   Eq. 27 

Density gradients are determined based on the molar density of fluid molecules at the inlet and outlet 
outside the porous medium, as shown in Figure , bottom panel. The time-averaged molar flow rate is 
defined as the corresponding average ensemble velocity multiplied by the system density in the X 
direction and the cross-sectional area of the bulk section [156,183].  

Permeabilities can be determined based on Darcy’s law [187], which shows a linear relationship 
between molar flux and pressure drop across a porous medium. The pressure drop is calculated using 
the Peng-Robinson equation of states based on the molecular density of methane in feed and 
permeate regions as inputs [21]. Similar to the apparent diffusivity calculation described above, the 
permeability of methane through a porous medium can be estimated as: 

𝐾𝑒 =
𝑄

∆𝑃
∫

𝑑𝑥

𝐴(𝑥)

𝐿

0
   Eq. 28 

By applying Eq. 27 and Eq. 28 to our simulation results, we quantify how pressure drop, flow rate and 
effective diffusivity depend on the applied external force. It is expected that the effective diffusivity 
approaches the transport diffusivity Dt in the limit of the external force going to zero. Analysis of 
pressure drop, flow rate, and effective diffusivities as a function of external forces the results show a 
linear response to external applied forces in the range from 0.005 to 0.05 kcal/(mol.Å). This analysis 
suggests that, for our systems, both pressure drop and flow rate increase significantly when the 
external force increases, while the effective diffusivity negligibly increases as the external field 
changes. Because, within the conditons considered, the effective diffusivity appears to be 
independent of the applied force, a single simulation is sufficient to estimate transport diffusivity. We 
conducted such simulations with an external force of 0.05 kcal/mol.Å to study methane flow through 
model porous systems belonging to Group I, II and III. The resultant pressure drops for all model 

systems are within the range of  20 – 22 MPa. This is consistent with expected pressure gradients 
during shale gas production [188]. 

 

Figure 21 – Effective diffusivity (left) and permeability (right) as determined by BD-NEMD simulations for methane across 
the ten porous model systems considered in this study. 
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In Error! Reference source not found., the diffusivities (left panel) and permeabilities (right panel) 
obtained from our simulations are shown for methane transport across ten porous model systems. 
The results show that methane diffuses and permeates through system 3 much more slowly than 

through sytems 1 and 2 in Group I. The diffusivity for methane in system 3 (0.8110-7 m2/s) is 3 times 

smaller compared to that obtained for systems 1 and 2 (2.25 and 2.3110-7 m2/s, respectively). Similar 

results were obtained for methane permeability in systems 1 and 2 (9.0710-5 and 9.2810-5 

molm/m2sMPa, respectively), which is higher than that obtained for system 3 (3.2410-5 
molm/m2sMPa). These differences could be due to the presence of a steric hindrance for fluid 
transport in system 3. 

Inserting one small block B between two blocks A, which converts system 1 to system 4, slows down 
diffusion and permeation of methane through the porous medium. The diffusivity and permeability of 

methane through system 4 (1.9710-7 m2/s and 7.9210-5 molm/m2sMPa, respectively) are smaller 

than those for system 1 (2.2510-7 m2/s and 9.0710-5 molm/m2sMPa). Rotating the block B by an 

angle of 30 (system 5), 60 (system 6) and 90 (system 7) lessens methane diffusion and permeation 
(the values of effective diffusivity and permeability of methane through all pore models sytems are 
summarized in Table 6).  

 

Table 6 – Effective diffusivity, permeability, path length and inverse residence time of methane transport through 
amorphous SiO2 pore network 

System Effective Diffusivity 

De (  10-7 m2/s) 

Permeability 

Ke ( 10-5 
molm/m2sMPa) 

Path length  

L (nm) 

 = De/L2 

( 106 1/s) 

0 20.6 83.2 53.3 725.12 

1 2.25 9.07 163.9 8.38 

2 2.31 9.28 144.2 11.11 

3 0.81 3.24 155.5 3.35 

4 1.97 7.92 171.9 6.67 

5 1.75 7.05 177.8 5.54 

6 1.29 5.19 205.5 3.05 

7 1.15 4.62 221.4 2.35 

8 0.71 2.86 313.3 0.72 

9 1.25 5.05 267.3 1.75 

10 0.73 2.92 544.9 0.25 

11 1.97 7.95 137.0 10.50 

12 2.44 9.82 130.3 14.37 

 

Changing the location of two blocks A and one block B (converting system 7 to system 8), we observed 
remarkable changes in the methane transport through the pores. The diffusivity and permeability of 
methane through system 8 decrease significantly compared to those obtained for system 7. These 
results are likely due to the fact that the two blocks A are placed very close to each other, resulting in 
a bottleneck, similar to what was observed  for system 3. In fact, slightly increasing the gap between 
the two blocks A (converting system 8 to system 9) increases methane transport rate. 
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The diffusivity and permeability of methane through system 9 (1.2510-7 m2/s and 5.0510-5 

molm/m2sMPa, respectively) are slightly greater than those obtained in system 7 (1.1510-7 m2/s and 

4.6210-5 molm/m2sMPa), although both systems have the same porosity. This difference is probably 

due to the fact that system 9 is mostly composed of mesopores (76.5 of the pore volume) while 

system 7 is predominantly composed of micropores (89.1 of the pore volume). The methane 
diffusion and permeation through system 10 are rather slow and comparable to those found for 
system 8, despite the fact that there is no bottleneck in system 10. Placing all the blocks B vertically 
seems to hinder fluid transport, possibly because the contact surface area of the solid substrates with 
fluid molecules increases. As the local back flows are found near the surfaces, the increase in the 
contact surface area leads to a disturbance in the uniform movement of fluid molecules, and hence 
diffusion and permeation of methane diminish. However, the presence of multiple small nanopores 
(0.4 – 0.6 nm as shown in Figure , bottom panel) in system 10 is more likely to control the local 
backflow, as discussed above. It is worth pointing out that the simulated methane permeability 

through hierarchical amorphous silica porous materials considered in this study (ranging from 3 to 

1010-5 molm/m2sMPa) is quantitatively comparable to experimental data for methane permeation 
through amorphous silica membranes extrapolated at 338 K reported by Kanezashi et al. [189] 

(permeation of 1010-5 mol/m2sMPa  1010-5 molm/m2sMPa per one meter of amorphous SiO2 
materials). For completeness, we point out that Kanezashi et al. [189] studied small gases permeance 
through amorphous silica membranes consisting of a separation layer and an intermediate silica layer, 
which was formed by colloidal silica sols coated on the outer surface of a glass porous support. The 
SiO2 separation layer was found to play a main role in controlling fluid transport rate because of the 
presence of nanopores of size ~0.385 nm. 

The most common representation of the diffusion coefficient of a given fluid within a porous medium, 
Dm, relative to the diffusion coefficient of the same fluid in the bulk, Dbulk, is given in terms of porosity 

ϕm, tortuosity m and constriction factor Cm [2,180]: 

𝐷𝑚 = 𝐷𝑏𝑢𝑙𝑘
𝜙𝑚
𝜏𝑚. 𝐶𝑚

  Eq. 29 

This approach is consistent with several contributions from the literature [177,181,190,191]. For 
example, Kärger and co-workers indicated that the fluid diffusivity in a porous solid, D, could be related 
to its diffusivity, under equivalent physical conditions, in a straight cylindrical pore, Dp, with diameter 
equal to the mean pore diameter in the porous material, by the following relation [2]:  

𝐷 = 𝐷𝑝
𝜙

𝜏. 𝐶
  Eq. 30 

Similarly, we attempt here to relate the effective diffusivity of methane, De, through a pore model to 
its effective diffusivity, D0, through the reference pore model, which consists of a slit-shaped pore 

obtained by two parallel silica slabs. Relative porosity ϕ, constriction factor C, and tortuosity  are 
calculated as the ratio of the parameters quantified in a pore network to those quantified for the 

reference, system 0 (ϕ  ϕi/ ϕ0, C  Ci/ C0, and  = i/0, respectively). 

The constriction factor Ci for a porous medium of length L with varying cross-sectional area A(x) along 
the direction of transport x, is determined as [192]: 

𝐶𝑖 =
1

𝐿2
∫ 𝐴(𝑥)2𝑑𝑥∫

1

𝐴(𝑥)2
𝑑𝑥

𝐿

0

𝐿

0

  Eq. 31 

The diffusive tortuosity is considered in this study, and it is calculated as [193]:  

𝜏𝑖 = (
𝐿𝑖
𝐿0
)
2

  Eq. 32 
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In Eq. 37, Li is the walking path length of methane within system i.   

 

 

Figure 22 – Methane effective diffusivity (panel A) and permeability (panel B) as function of the pore characteristic 
parameter defined by the ratio of porosity to tortuosity and constriction factor on logarithmic plots. In both panels, the 

insets provide representations for the data on Cartesian plots. Results were obtained for all hierarchical pore model systems 
considered in this work. 

 

In Error! Reference source not found., we show the results of effective diffusivity and permeability of 

methane for all pore models as a function of the pore characteristic parameter ϕ/(.C) on logarithmic 
plots (main) and Cartesian plots (insets). We observe a linear relation on both logarithmic and 
Cartesian plots. When the data are displayed on the logarithmic plots, a linear fit clearly shows that 
the effective diffusivity (/permeability) of methane converges closely to zero as the pore characteristic 

parameter ϕ/(.C) approaches zero. 
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It is noted that the slope of the linear function for the effective diffusivity (/permeability) and pore 

characteristic parameter (20.8610-7 m2/s (/ 84.3210-5 molm/m2sMPa)) on the Cartesian plot are 
consistent with ten to the power of the intercept of the linear relation on the logarithmic plot 

(20.8610-7 ≈ 10-5.68 m2/s or 84.3210-5 ≈ 10-3.09 molm/m2sMPa). These values are related to the 

effective diffusivity (/permeability) of methane through the reference system 0 [20.6 10-7 m2/s 

(/83.210-5 molm/m2sMPa), see Table 6]. This means that the expression for the diffusivity of fluid 

through a pore model versus the pore characteristic parameter (De = D0  ϕ/(.C) + const.) complies 
with the macroscopic relations described by Eq. (6).  

It is also observed that the relation between methane transport and pore characteristic parameter for 
system 3 does not follow the linear trend found for all other systems. This is particularly evident on 
the Cartesian plot. The difference between the pore network represented by system 3 and the others 
is that only mesopores (> 2nm) are found in system 3. We speculate that the linear correlation 
between the transport properties and the pore characteristic parameter shown in Error! Reference 
source not found. holds for hierarchical porous materials that include both mesopores and 
microspores, but not for those with only mesopores. To confirm this presumption, we build two 
additional model systems, 11 and 12, which contain only mesopores with no pore blockage. When the 
methane transport properties are compared to the network pore characteristics, we observe that the 
linear trend discussed in Error! Reference source not found. is not followed, similarly to results just 
discussed for system 3. As discussed above, because of the presence of a bottleneck, the effective 
diffusivity in system 3 is much smaller compared to that obtained in other systems with similar 
porosity. However, once methane passes through the bottleneck, it travels a shorter distance, in the 
mesopore, to exit the material, resulting in small diffusive tortuosity; as a consequence, ϕ/τ.C is large. 
For systems 11 and 12, within which the bottleneck gradually disappears, the methane diffusivity 
increases significantly, as can be appreciated by the results obtained for system 12, faster compared 
to all other systems considered. Note that in these systems methane ‘walks’ even a much shorter 
distance in the mesopore to reach the exit due to small resistance to the flow, and as a result of this 
ϕ/τ.C becomes larger. This results in the positions of these red symbols in the insets of Figure 22, 
panel A. 

The availability of reliable transport properties measured/simulated across pore networks that are 
described accurately by precise geometrical features allows us to attempt answering the long-
standing quest of predicting transport properties through a pore network. Before embarking on this 
investigation, it should be noted that the definition of tortuosity employed in our work is based on the 
average length of flow paths in the direction of flux, i.e., the diffusive tortuosity, and therefore 
depends on the microscopic pore geometry, as well as on the transport mechanism under examination 
[197]. 

We seek a relationship between fluid transport properties and measurable descriptors of pore 
structure, i.e., porosity and constriction factor, without using tortuosity. 

We recall that methane permeability (/diffusivity) was found to depend linearly on the pore 

characteristic parameter ϕ/(.C) (see Error! Reference source not found.). Plotting the pore 

characteristic parameter ϕ/(.C) versus tortuosity  for the hierarchical porous materials, we observe 
the power relationship (Error! Reference source not found., top left panel) described as: 

𝜙

𝜏. 𝐶
= 𝑎𝜏−𝛽  Eq. 33 

Substituting Eq. (9) within the linear relation between permeability (/diffusivity) and pore 

characteristic parameter ϕ/(.C), we suggest that the fluid permeability (/diffusivity) correlates with 
the measurable pore descriptor ϕ/C, via the function: 
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𝐾 =
𝐾0

𝑎1/(𝛽−1)
(
𝜙

𝐶
)

𝛽

𝛽−1
+ 𝑐𝑜𝑛𝑠𝑡.   Eq. 34 

𝐷 =
𝐷0

𝑎1/(𝛽−1)
(
𝜙

𝐶
)

𝛽
𝛽−1

+ 𝑐𝑜𝑛𝑠𝑡.  Eq. 40 

 

 

Figure 23 – Top panels: Relation between porosity, constriction factor and tortuosity. Bottom panels: Correlation between 
permeability and the ratio of porosity to constriction factor. The results from the simulations for hierarchical amorphous 

silica porous materials in this study, and those from micro-CT scan [192,194] and experiments [195,196] for the 
Fontainebleau sandstone are shown in left and right panels, respectively. 

 

In Error! Reference source not found., bottom left panel, we plot methane permeability versus ϕ/C for 

amorphous silica pores, showing that /(-1) ~ 3.44 and that K0/a1/(-1) ~ 19.48 when K0 = 84.32 (as 

obtained from Error! Reference source not found., panel B), a = 1.667 and  = 1.407 (as obtained from 
Error! Reference source not found., top left panel). 

The permeability of methane through systems containing strong blockages [systems 3 (green) or 8 
(yellow)] does not obey Eq. (9) (Error! Reference source not found., bottom left panel). However, 
transport properties obtained in model systems 11 and 12 (green data points) seem to be well fitted. 
This agreement could be spurious, because the results for these systems deviate from the trends 
discussed in Error! Reference source not found.. Hence, we recommend not using results from systems 
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11 and 12 to obtain the power parameters in Eq. (9) [197]. In fact, we consider the relation shown in 
Eq. (9) a useful model for porous media that contain both micropores and mesopores and do not show 
strong pore blockages.   

As a final test, we apply the model of Eq. 38 to natural porous media. Berg [192] reported pore 
structure parameters such as characteristic length, constriction factor, porosity and tortuosity for 
Fontainebleau sandstone, as obtained from experimental microtomographic (micro-CT) images. Arns 
et al. [194] conducted numerical micropermeametry calculations on three-dimensional digitized 
images of Fontainebleau sandstone and obtained results in good agreement with experiments 
[195,196] over a wide range of porosities. This system offers a benchmark for testing the capability of 
Eq. 39. 

In Error! Reference source not found., right panels, we present the relation between pore 

characteristic parameter ϕ/(.C) and tortuosity  (top), and that between permeability and parameter 

ϕ/C (bottom) for Fontainebleau sandstone data. We observe that ϕ/(.C) decreases with tortuosity 

following a power function with exponent  = 4.831 and parameter a = 4.503 (Error! Reference source 
not found., top right panel). Note that the relation between permeability and pore characteristic 

parameter ϕ/(.C) is also linear with slope K0 ~ 1498.8. In Error! Reference source not found., bottom 
right panel, it is shown that the fluid permeability increases with ϕ/C following a power function with 

exponent 1.28 and parameter of 966.37, which are equivalent to /(-1) and K0/a1/(-1), respectively, 
in Eq. 39.  

The results just described suggest that the empirical Eq. 39 could be used to predict the permeability 
(or effective diffusivity) of fluids through various sedimentary rocks once detailed rock structure 
information, e.g. porosity and constriction factor are known. When applied to our simulation results 
for methane transport in silica-based pore networks containing both mesopores and micropores, it 

was found that K0, a and  assumed the values of 84.32, 1.667 and 1.407, respectively. It is expected 

that these values, and in particular the exponent /(-1) and the parameter K0/a1/(-1), will change with 
different types of fluids as well as different types of porous media. 

This study presents an atomistic modelling of methane transport through hierarchical amorphous 
silica porous materials at 338K, obtained by using BD-NEMD simulations. The NEMD approach closely 
resembles how experiments are carried out to measure gas permeation through porous materials, 
yielding a macroscopic view of natural gas transport in porous media such as shale matrices. Our 
results show that the pore structure has a major impact on methane transport through hierarchical 
porous networks. For example, changing contact surface areas between the amorphous SiO2 
substrates and methane perturbs methane diffusion and permeation, because of the introduction of 
local back flow near the surfaces. In addition, changes in entropy potentials along the direction of flow 
due to varying pore cross-sectional areas substantially alter the traveling path length of molecules. 
We demonstrated how the transport properties of methane correlate with macroscopic descriptors 
of the pore structure and we derived an empirical expression for diffusivity and permeability of fluid 
through hierarchical porous materials as a power function of such measurable descriptors. This study 
suggests that an atomistic modelling approach based on BD-NEMD simulations can be used to predict 
fluid transport properties across sedimentary rocks through an empirical power relation. 

3.3 Improving the boundary conditions for LB models 

3.3.1 Flow Velocity from LB and MD Simulations 

In Error! Reference source not found., we present streamwise velocities obtained from LB and MD 
simulations for gas flowing through PM1 and PM2. Error! Reference source not found.a through Error! 
Reference source not found.d show dimensional streamwise (𝑥-directional) velocity profiles along the 
𝑦-direction within pores p1 and p5 of PM1, and p6, p4, p1 of PM2, respectively. This figure allows us 
to compare LB results when slip (SBB+SR and MBB+SR) and no-slip (SBB and MBB) BCs are 
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implemented. Based on gas density and pore structure in MD models, average 𝐾𝑛′ = 0.132 for PM1 
and 0.155 for PM2 are used for LB simulations. Under the MBB+SR BC, the Mach number is calculated 

as 𝑀𝑎 = 𝑢𝑥
∗̅̅ ̅/𝑐𝑠

∗ = 0.0505 for PM1 and 0.0236 for PM2.  

 

Figure 24 – Flow velocity profile in local pores of PM1 and PM2. Indices of pore and PM labeled on top of each subfigure are 
referred to the indices in Figure 2d and Figure 2e. (a) through (d), LB results of dimensional streamwise velocity profiles 

within specified pores. (e) through (h), LB results of dimensionless streamwise velocity profiles are normalized by the 
dimensionless local bulk velocity. 

 

Visual analysis of the LB results shows that different BCs yield distinctive flow behaviors. Comparing 
the LB results when no-slip BCs are implemented, we observe that the MBB BC yields lower slip than 
the SBB BC. Approaching the pore center, the difference between predictions by MBB and SBB BCs 
becomes more discernible. This implies that errors of numerical slip, if any, at the wall affect the 
prediction of flow velocity in the whole pore.  

When the SBB+SR BC is implemented, the LB velocity profiles overestimate the MD results across the 
whole pore, especially in the pore of 1.1 nm height. The LB results obtained with the MBB+SR BC yield 
a better match than the SBB+SR BC, both near the wall and in the pore centers. Such a difference is 
more evident than the difference when the MBB and the SBB BCs are applied. This highlights the 
important role of the BB scheme in the combined BB+SR BCs in LB simulations. Some small deviations 
are observed between MD and LB results obtained when implementing the MBB+SR BC because our 
LB representation does not account for surface roughness as MD models do.   

In Error! Reference source not found.e through Error! Reference source not found.h, the normalized 
velocity profiles are presented, i.e., the dimensionless velocity (𝑢𝑥

∗ ) normalized by the local ‘bulk’ 

velocity (𝑢𝑥𝑏
∗ = ∫ 𝑢𝑥

∗𝐻∗

0
𝑑𝑦∗/𝐻∗). Visual analysis reveals that velocity normalization has the effect of 

minimizing the differences observed when different BCs are implemented: evaluating the 
performance of the BC in LB simulations against MD results therefore becomes difficult and 
misleading. For example, in both PM1 and PM2, implementations of no-slip boundaries, i.e., MBB and 
SBB, seem to reproduce MD results, which is, however, not physical for gas slippage. Significant 
discrepancies are observed between LB results obtained by the MBB+SR BC and MD results near the 
pore center in p5 of PM1 (Error! Reference source not found.f), which also indicates that the 
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normalized velocity, although commonly applied to validate LB results, may not be as appropriate as 
the dimensional velocity is for the identification of the correct BC.   

The velocity distributions in the streamwise direction are presented in Error! Reference source not 
found.a and Error! Reference source not found.b (LB simulations with the MBB+SR BC), and Error! 
Reference source not found.c and Error! Reference source not found.d (MD simulations). We observe 
that the velocity distributions obtained from LB and MD simulations compare very well, in general. 
The average streamwise velocities in PM1 are 60.88 m/s and 57.10 m/s in LB and MD simulations, 

respectively, with a relative difference, calculated by |𝑢𝑥̅̅ ̅
(𝑀𝐷) − 𝑢𝑥̅̅ ̅

(𝑀𝐵𝐵+𝑆𝑅)| 𝑢𝑥̅̅ ̅
(𝑀𝐷)⁄ × 100%, less 

than 7%. LB velocity distributions are smoother than MD ones, as expected. This is because LB results 
show the statistical variation of velocity instead of the velocity of individual molecules as in MD results. 
Another finding is that the LB simulation for PM1 yields a symmetric flow velocity distribution (Error! 
Reference source not found.a) while MD results show a somewhat less symmetric flow behavior. This 
is because we approximate the same bulk gas density in all micropores of PM1 in the LB simulations, 
while in MD simulations, we observe more gas molecules accumulated in the inlet of the micropore 
p3 and p4 due to an entropy barrier [198], which reduces the average velocity of gas molecules in 
downstream of the mesopore p5.  

In PM2, LB and MD results (Error! Reference source not found.b and Error! Reference source not 
found.d) are locally and globally consistent. Average streamwise velocities are 28.61 m/s and 29.50 
m/s in LB and MD results, respectively, with a relative difference of 3%. As the pore structure in PM2 
includes a tilted solid rectangular obstacle in the middle, asymmetric velocity distributions are 
expected. In highly constricted spaces between p4 and p8, as well as p1 and p2, velocity maxima are 
observed in both MD and LB results. Comparing the velocities in those constricted areas indicates that 
LB simulations yield a higher flow velocity than MD. This is possibly due to the slightly different 
morphology of the solid substrate. In the MD models, we model amorphous silica, the surface of which 
causes some local backflow near the surface sites where gas molecules are bounced back in the 

 

 

Figure 25 -  Flow velocity distribution results of PM1 and PM2 in LB: (a) & (b), and MD: (c) & (d). Indices of PM are 
marked on top of each subfigure. White slabs in MD results represent the regions occupied by the amorphous 

silica substrates. 
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direction opposite to the main streamwise, which reduces the average values of gas molecules velocity 
near the surface.   

3.3.2 Gas Permeability and Klinkenberg Effect 

Error! Reference source not found.a summarizes permeability estimates from LB and MD simulations 
at the average 𝐾𝑛′ = 0.132 in PM1. The 𝑘𝑎𝑝𝑝 predicted for PM1 (Error! Reference source not found.a) 

is 1.957e-07 µm2 (MD), 2.033e-07 µm2 (LB with the MBB+SR BC), and 2.801e-07 µm2 (LB with the 
SBB+SR BC). The relative difference between LB and MD results, calculated by 

|𝑘𝑎𝑝𝑝
(𝐵𝐵+𝑆𝑅) − 𝑘𝑎𝑝𝑝

(𝑀𝐷)
| 𝑘𝑎𝑝𝑝

(𝑀𝐷)⁄ × 100%,  is 4% and 43% by the MBB+SR and the SBB+SR BCs, respectively. 

We estimate 𝑘𝑖𝑛 as 1.065e-07 µm2 and 1.131e-07 µm2 by implementing the MBB and SBB BCs, 
respectively, which gives the relative difference of 6%. Because of computing power limitations, we 
cannot obtain intrinsic permeability data from MD simulations at 𝐾𝑛′ → 0. Permeability results for 
PM2 at the average 𝐾𝑛′ = 0.155 are presented in Error! Reference source not found.b. 

 

 

Figure 26 – Permeability estimates from MD and LB simulations with different BCs. (a) & (b), comparisons of 𝑘𝑖𝑛 and 
𝑘𝑎𝑝𝑝 estimated by the MD and LB simulations with different BCs. (c) & (d), the relative difference of the estimated apparent 

permeability by SBB+SR and MBB+SR BCs as a linear relation of 𝐾𝑛′ where the relative difference is calculated by 

|𝑘𝑎𝑝𝑝
(𝑆𝐵𝐵+𝑆𝑅)

− 𝑘𝑎𝑝𝑝
(𝑀𝐵𝐵+𝑆𝑅)

| 𝑘𝑎𝑝𝑝
(𝑀𝐵𝐵+𝑆𝑅)

⁄ × 100%. 

 

We conducted a series of LB simulations to study the variation in 𝑘𝑎𝑝𝑝 as a function of 𝐾𝑛′, where 

different gas densities are used. The results for PM1 are shown in Error! Reference source not found.a. 
Through linear regression, we find the estimated apparent permeability increases with 𝐾𝑛′ linearly 
with the coefficient of determination 𝑅2 = 0.9938 and 0.9942 by the MBB+SR BC and the SBB+SR BC, 
respectively. As shown in Error! Reference source not found.c, the relative difference between 

𝑘𝑎𝑝𝑝
(𝑆𝐵𝐵+𝑆𝑅) and 𝑘𝑎𝑝𝑝

(𝑀𝐵𝐵+𝑆𝑅), calculated by |𝑘𝑎𝑝𝑝
(𝑆𝐵𝐵+𝑆𝑅) − 𝑘𝑎𝑝𝑝

(𝑀𝐵𝐵+𝑆𝑅)
| 𝑘𝑎𝑝𝑝

(𝑀𝐵𝐵+𝑆𝑅)⁄ × 100%, shows a 
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linear relation with 𝐾𝑛′. Similar trends are found for PM2, as shown in Error! Reference source not 
found.b and Error! Reference source not found.d. 

In Figure a, we compare the Klinkenberg effect as predicted by the LB simulations that implement the 
MBB+SR and SBB+SR BCs. In this figure, the permeability correction factor (𝑘𝑎𝑝𝑝/𝑘𝑖𝑛) is plotted against 

𝐾𝑛′. Numerical results predicted by the classical BCs are higher than those by the improved BCs when 
0.013 ≤ 𝐾𝑛′ ≤ 0.291. Due to the wall effect modeled by the reduction factor 𝛹(𝐾𝑛), the 𝐾𝑛′will 
reach an upper limit (e.g., ≈0.29 for 𝑏 = 0.34) beyond which no more 𝑘𝑎𝑝𝑝/𝑘𝑖𝑛 values are obtainable 

[69]. To predict 𝑘𝑎𝑝𝑝/𝑘𝑖𝑛 in a broader 𝐾𝑛′ range, linear regressions are performed, shown in Figure 

a. These relations are duplicated in Figure b and Figure c for further comparisons. 

 

Figure 27 – LB results of 𝑘𝑎𝑝𝑝/𝑘𝑖𝑛 obtained in this work using classical BCs and the improved ones proposed here. (a) 

compared against published LB results using classical BCs: results 1 [58], results 2 [57], and results 3 [56]. (b) compared 
against experimental data: shales [199],  tight sandstones [200],  and a single nano-pore [201]. (c) compared against 

predictions from non-LB approaches: 1) the fractal permeability with the second-order gas slip [202]; 2) the BKC’s 
correlation [59,203]; 4) LBE solutions [70,204]; and 5) DSMC results [205]. 

 

In Figure a, we also compare selected LB results from literature [56-58]. These studies either 
implemented the SBB+SR BC, or applied first the SBB BC to estimate 𝑘𝑖𝑛 and then the second-order 
analytical solution of 𝑢𝑠 to estimate 𝑘𝑎𝑝𝑝. Those results converge to our linear regression for the 

classical BCs when 0.1 ≤ 𝐾𝑛′ ≤ 10. In contrast, the linear relation predicted by the improved BCs 
indicates lower 𝑘𝑎𝑝𝑝/𝑘𝑖𝑛 values, which is more reasonable as confirmed by the reported experimental 

data in Figure b. In Figure b, our improved LB BC yields a better match with the consistent trend from 
the sampled data than the classical BCs do. 

In Figure c, we compare our LB results against some recent non-LB approaches including fractal 
permeability models, empirical correlations, and numerical solutions (i.e., solutions of the linearized 
Boltzmann equation (LBE) and the direct simulation Monte Carlo (DSMC)). As our LB simulations are 
based on the TMAC values in the range for Argon and Nitrogen gases [79,80], most of the data chosen 
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here for our comparison were obtained using Argon and Nitrogen gases as the carrier fluid 
[59,60,70,205].  

We find that when 0.01 ≤ 𝐾𝑛′ ≤ 10, the fractal permeability model, the BKC’s correlation, and 
solutions of the linearized Boltzmann equation agree with the linear relation predicted by the 
improved BCs. Other models, i.e., DSMC and the Klinkenberg’s correction, are found to predict lower 
values than the linear relation for different reasons. Firstly, our LB simulations simulate the flow at the 
temperature of 338 K while the presented DSMC results were obtained at 310 K. The DSMC results 
imply that the Klinkenberg effect decreases as temperature decreases [205]. Secondly, our LB 
simulations predict the second-order slip while the Klinkenberg’s correlation assumes first-order slip 
[206]. Studies find that the first-order slip assumption fails in the transitional flow region where  
𝐾𝑛′ ≥ 0.1 [207,208]. 

3.3.3 Application of the Improved BC to Complex Porous Media 

Recent studies [56-58] suggest that the reason for the overestimation of the Klinkenberg effect by 
using the SBB+SR BC is due to the complexity of pore structure. To investigate the impact of the 
structure of PM on the Klinkenberg effect, we applied the improved BC proposed here to a more 
complex pore network, which we identify as PM3 and whose structure is illustrated in Figure a. 
Flowing pathways within PM3 are more tortuous than those within PM1 and PM2. The pore size 
follows a lognormal distribution where the mean is 3.7 nm and the logarithmic standard deviation is 
0.384. Gas atomic density and viscosity in the 3.8 nm-sized pore (p5 in PM1) are used as the inputs for 
the flow simulation through PM3. The effective Knudsen number for PM3 is evaluated as in Equation 
Eq. 11. 

 

Figure 28 – Uniform solid slabs are randomly distributed within the PM3 in order to simulate complex pore structure 
pathways. Porosity is 휀 = 0.54 and the intrinsic permeability is estimated by implementing  

the MBB BC as 𝑘𝑖𝑛 = 4.50e-08 (µm2) (converged at 15000 ts). 

 

In Figure b, the estimated values of  𝑘𝑎𝑝𝑝/𝑘𝑖𝑛  versus 𝐾𝑛′′ are evaluated at 𝐾𝑛′′ =  0.0967, 0.1894, 

and 0.5304, and the values fall onto the linear regression curve predicted for PM1 and PM2 and the 
BKC’s correlation. We find that when the 𝐾𝑛′′ is evaluated, the trend of 𝑘𝑎𝑝𝑝/𝑘𝑖𝑛 does not depend 

on the configuration of individual pores but presents a universal fashion, a result which is also implied 
by the core-flooding experimental results obtained from different core samples shown in Figure b and 
a DSMC study in Ref. [209]. The good agreement between the estimated 𝑘𝑎𝑝𝑝/𝑘𝑖𝑛 and the BKC’s 

correlation shows a strong applicability the MBB+SR BC to the gas flow through complex pore 
structures.   
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3.3.4 Discussion 

Because recent applications of LB simulations fail to reproduce the Klinkenberg effect when gas flows 
through micro-/nano-porous media, it is reasonable to question whether the mesoscale LB 
simulations can be improved to achieve numerical consistency. In this work, we leveraged atomistic 
non-equilibrium molecular dynamics (MD) simulation to improve the accuracy of simulating the finite-
𝐾𝑛 flow by the LB method.  

We found that MD simulations (Error! Reference source not found.) help identify the correct slip BCs 
in the LB simulation setup. We showed that when the improved BCs are implemented, the LB 
simulations of the gas transport and the Klinkenberg effect are quantitatively consistent with MD in 
terms of flow velocity and permeability. The improved BCs reasonably predict the dimensional velocity 
as in MD; yet the classical BCs where the parallel velocities at the solid-gas interface are not properly 
addressed can lead to unphysical slip (Error! Reference source not found.a through Error! Reference 
source not found.d). Additionally, LB simulations with the improved BCs proposed here can 
quantitatively reproduce the permeability estimates from MD; while the LB simulations with the 
classical BCs (Error! Reference source not found.) overpredict the permeability. We also found the 
unphysical slip in the SBB BC cannot be numerically cancelled out when one calculates the 

permeability correction factor, as the ratio of 𝑘𝑎𝑝𝑝
(𝑆𝐵𝐵+𝑆𝑅)/𝑘𝑖𝑛

(𝑆𝐵𝐵) (Figure ). 

Numerical comparisons of permeability correction factors from multi-scale source data (Figure ) 
testify the improvement achieved when implementing the improved BCs in LB simulations. The LB 
models implementing the classical BCs, both in this work and in the literature [56-58,210], significantly 
overestimate 𝑘𝑎𝑝𝑝/𝑘𝑖𝑛  in the transitional flow region. When implementing the MBB+SR and MBB 

BCs, LB models can fairly well reproduce 𝑘𝑎𝑝𝑝/𝑘𝑖𝑛  values for ultra-tight rock, e.g., shale, and 

nanofluidic data for 0.01 ≤ 𝐾𝑛′ ≤ 10 (Figure b). This shows the extended applicability of the 
improved LB method from continuum to transitional flow simulation.  

Additionally, the LB simulations with improved BCs yield a general agreement with other classical non-
LB approaches in estimating the permeability correction factor, especially the widely used BKC’s 
correlation, which has been reflected in the results of PM1 and PM2 when 0.01 ≤ 𝐾𝑛′ ≤ 10 (Figure 
b) and more complex PM, e.g., PM3, when 0.01 ≤ 𝐾𝑛′′ ≤ 10 (Figure b). 

Admittedly, alternative approaches have been proposed to improve the LB model for describing the 
finite-𝐾𝑛 flow including using multiple relaxation times (MRT) [211,212], and high-order velocity sets 
[213]. However, the approach proposed in this work has a distinct advantage to be relatively simple, 
which is coupled with the single relaxation time (SRT) and the widely implemented D2Q9 velocity set. 
The computational requirements of SRT are modest. Compared to MRT, SRT is much simpler in 
mathematical form and more computationally efficient. Studies showed that “a carefully optimized 
MRT will cost 10%-20% computational overhead than SRT model” [72]. Over the past decade, many 
debated whether MRT or SRT should be preferred. That MRT can outperform the SRT model in stability 
and accuracy is under the assumption that an optimum parameter set is found for conducting 
calculations within the MRT approach. However, as there is no universal guideline to find the optima, 
the superiority of the MRT scheme cannot be taken for granted [72]. Lastly, studies show that high-
order velocity set may not always be effective in improving the accuracy of LB method; the improved 
accuracy is not guaranteed by the increase of the velocity set order but depends on the flow type and 
the choice of the Gauss–Hermite quadrature [213,214]. This, in turn, requires the prerequisite effort 
to testify the optimum order of the velocity set for a certain type of application.  
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3.4 Predicting particles’ velocity distributions in porous media 

3.4.1 On beadpacks 

3.4.1.1 Numerical simulation results 

We obtain the probability data (PD) for simulated 𝑣 by sampling the entire ensemble of particles. The 
long-time PD (𝑡 = 10𝜏) for 5×10-4 ≤ Pe*≤ 619 are shown in Figure (a) and Error! Reference source not 
found.(a), where 𝜏 = 𝑙/〈𝑣w〉 yields the characteristic advection time for fluid transport through an 
average pore size 𝑙. As Pe* increases, the probability distributions transition from Gaussian to non-
Gaussian, the latter of which features a sharp peak at near-zero velocities and heavy right tails. The 
numerical results agree with the experiments shown in Figure (b). Based on the maximum-likelihood 
(ML) estimation, the tail over positive 𝑣 is fitted with the modified Nakagami-m PDF and other widely 
used PDFs, e.g., exponential, half-normal, log-normal, and gamma distributions [58]. To fit the 
modified Nakagami-m distribution, parameters 𝑚 and Ω are obtained by solving the derivatives of the 

logarithmic likelihood function (ℒ):  ℒ(𝑣𝑖; 𝑚, Ω, 𝑁p) = 𝑁p ln [
2

Γ(𝑚)
(
𝑚

Ω
)
𝑚
]   + (2𝑚 − 1)∑ ln 𝑣𝑖

𝑁p
𝑖=1

−

𝑚

Ω
∑ 𝑣𝑖

2𝑁p
𝑖=1

 [59], where 𝑣𝑖 is the velocity observation of the ith particle in the population of 𝑁p particles. 

For all cases studied when Pe* ∈[5×10-4, 619], out of all the functions considered, the modified 
Nakagami-m distribution is the one most consistent with the entire range of velocity data, up to the 
noise floor. An example shown in Figure (c) at Pe*=59 along with the cases at other Pe* values strongly 
supports the universality of the Nakagami-m distribution.  

 

 

Figure 29 – (a) Probability distributions of v obtained by our Lagrangian simulations at different Pe* (see legend).  
(b) Experimental probability distributions of 𝑣 measured at different Pe* via nuclear magnetic resonance (NMR) [17], 

confocal microscopy (CM) [8], and particle tracking velocimetry (PTV) [3]. (c) ML estimations of the modified Nakagami-
m (blue) and other PDFs (see legend) based on the simulated v data (symbols) at Pe* = 59 (MP at Pe = 1027). (d) PDF 
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predictions of 휀 by the modified Nakagami-m (blue) versus other 𝑣 PDFs (see legend) are compared to simulated 휀 data 
(symbols) at Pe* = 59. 

 

Based on the Nakagami-m distribution function, we also derive the PDF of the dimensionless total 
energy 휀 = 𝜒𝑣2, where 𝜒 = 𝜌p/𝜌w is the particle specific gravity. We use the 𝑚 and Ω values, 

estimated from the ML Nakagami-m fit of 𝑣 data, as inputs for the 휀 PDF. The derived 휀 PDF is then 
compared against its counterpart obtained computationally for all Pe*. A similar procedure is 
performed to derive other 휀 PDFs by imposing different 𝑣 PDFs, and to compare their 휀 predictions 
with the counterpart simulation data. Without tuning parameters, good agreement between the 휀 
PDF, derived assuming the modified Nakagami-m distribution of 𝑣, and the simulation data. This 
agreement demonstrates the predictive ability of the Nakagami-m velocity distribution function.  
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3.4.1.2 Physical significance of the universal function 

 

Figure 30 - (a) Modified Nakagami-m fit (solid line) of 𝑣 data (symbols) from Lagrangian simulations at increasing 
Pe*∈[5×10-4,619] (The simulation data are the same as in Fig. 1(a)). (b) Estimates of scale parameter 𝛺 and (c) shape 
parameter 𝑚 from simulations (symbols with 95% confidence interval error bars) and experiments (squares) from Figure 
(b). The power-law scaling (solid line) is obtained by fitting simulation data as a function of Pe*: 𝛺 = 0.004239 ⋅
(𝑃𝑒∗)−0.9019 + 1.37 and 𝑚 = 0.007877 ⋅ (𝑃𝑒∗)−0.4867 + 0.1763. The experimental data agree well with the anticipated 
power-law relations.  𝐹 is plotted as 𝐹 =  1/𝑚 + 1 (dashed line) where 𝑚 values are estimated from the power-law 
scaling. (d) The modified Nakagami-m distribution reflects the net deposition which underscores the competition between 
the most probable diffusive energy and energy barrier for deposition. The peak probability values also indicate the strength 
of the net deposition. 

 

Analysis of the results shows that the scale parameter Ω = 〈𝑣2〉 = 〈𝑣pL
2 〉/〈𝑣w

2〉 is related to the mean 

dimensionless total energy 〈휀〉 as Ω = 〈휀〉/𝜒. We, therefore, suggest that Ω reflects particles’ transport 
strength, i.e., the mean total energy of particles compared to that of the ambient fluid. Our simulation 
results show that when the particles are initially introduced into the environment, they acquire energy 
from the ambient fluid; consequently, Ω increases during the first characteristic advection time (0 <
𝑡 ⪅ 𝜏). Thereafter, the driving force induced by the pressure gradient is compensating the drag force 



Deliverable D5.4 

 

PU Page 62 of 70 Version 6.2 

 

to reach steady states. The particles at high Pe* (where 𝑣pL = 𝑢pL and 𝑤pL = 0) quickly reach these 

conditions, so that 𝑣pL → 〈𝑣w〉 and Ω → 1. Reaching steady-state conditions can be delayed at lower 

Pe*, because diffusion dominates (when 𝑣pL = 𝑤pL and 𝑢pL = 0) and the correspondent disordered 

motion prevents Ω from reaching unity (see the simulated evolution of Ω with time in SM). Therefore, 
consistent with this analysis, both simulated and experimental data show that Ω at low Pe* is higher 
than Ω at high Pe* (see Error! Reference source not found.(b)).  

In the original Nakagami-m distribution, the shape parameter 𝑚 was statistically defined as 𝑚 =
(〈𝑣2〉/𝜎[𝑣2])2 [37] (𝜎[⋅] is standard deviation), which makes itself relevant to the flatness of the PDF 
(𝐹 = 〈𝑣4〉/(〈𝑣2〉)2 [60]) via 𝑚 = 1/(𝐹 − 1). Because 𝐹 can indicate the deviation from the Gaussian 
distribution [60,61], reflecting the degree of bend in a PDF curve at low velocities (e.g., 𝐹 = 3 and 
𝑚 = 0.5 representing a Gaussian distribution), and such velocities reflects the particles that may 
deposit near the wall, 𝐹 directly and 𝑚 inversely reflect the likelihood of particle deposition.  

Via the relation 𝑚 = 𝛼/2 = 𝑇/2𝒫𝑇0, derived earlier, we find that the deposition strength depends 
on (1) the probability (𝒫) that particles will reach the near-wall region and (2) the competition of two 
energies (𝑇/𝑇0) near the pore wall. In other words: 

(1) With the increase of Pe*, particle transport is dominated by (ordered) advection rather than 
(disordered) diffusion; more particles will follow the fluid streamlines and reach the region near the 
pore wall, i.e., the probability 𝒫 increases, therefore deposition strength increases and m decreases. 
Via 𝑚 = 𝑇/2𝒫𝑇0, we find that 𝑚 ∝ (𝑃𝑒∗)−0.43. Such scaling coincides with the fitted function of the 
simulated 𝑚 values, as 𝑚 ∝ (𝑃𝑒∗)−0.4867 in Error! Reference source not found.(c), which validates our 
theory for particles near the pore wall. Note that both theoretical and numerical 𝑚 values indicate 
that when Pe*≥ 10, 𝑚 reaches a plateau limit, indicating the maximum strength of deposition has 
occurred once Pe* reaches an intermediate value.  

(2) The temperature 𝑇 is related to the kinetic energy of a particle with the most probable diffusive 

speed (�̂�𝑝) in the MB distribution, i.e., the most probable diffusive energy: �̂�D = 𝑚p�̂�p
2/2 = 𝑘B𝑇 (see 

SM). 𝑇0 is related to the mean energy barrier, i.e., 〈Δ𝐸〉 = 𝑘B𝑇0 (see discussion related to Δ𝐸 

distribution). Therefore, 𝑚 = �̂�D/2𝒫〈Δ𝐸〉, which indicates 𝑚 evaluates the competition between the 
most probable diffusive energy and the mean energy barrier due to the XDLVO interactions. Consider 
𝒫 =1, i.e., under the circumstances that all particles originally near the pore walls: As shown in Error! 

Reference source not found.(d), when 𝑚 < 0.5, �̂�D < 〈Δ𝐸〉 and a net particle deposition occurs; when 

𝑚 > 0.5, �̂�D > 〈Δ𝐸〉 and the frequency of release is greater than that of deposition, yielding zero net 

deposition; when 𝑚 = 0.5, �̂�D = 〈Δ𝐸〉 and a kinetic equilibrium is achieved between the particles’ 
deposition and release, e.g., at Pe*=5×10-4 in Error! Reference source not found.. In the last case, when 
𝑚 = 0.5, the modified Nakagami-m distribution reduces to the one-dimensional MB distribution 
(∀𝑣 ≥ 0), we, therefore, imply that the MB distribution holds not only for non-interacting particles, 

as traditionally believed, but also for charged particles when �̂�D = 〈Δ𝐸〉.   

Non-Gaussian distributions (𝑚 ≠ 0.5) have been traditionally attributed to fluid stagnation and are 
known to be pronounced in heterogeneous environments [9,12,62]. We find here that for transport 
with suspended particles, the impact of fluid stagnation is manifested in the strength of particle 
deposition. In addition, we show that fluid stagnation is not the only reason for non-Gaussian kinetic 
distributions; other factors that facilitate deposition, e.g., high 𝑃𝑒∗ and low 𝑇/𝑇0, may be independent 
of environmental structures.  

3.4.2 On rock images 

Based on the satisfactory results of the flow simulators in bead packs as presented earlier, we adopted 
a similar algorithm to simulate particles’ flow in the Bentheimer rock images in Figure 4. In Error! 
Reference source not found., we present the simulated fluid streamlines, particle velocity spatial 
distributions as well as transient behaviour of particles’ transport in rock images. The results show 
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that particle behaviours are strongly related to local pore structures and their velocities are 
intermittent with time.   

We find that although particle velocities are not uniform in rocks, their probability distribution obeys 
the universal function proposed earlier, i.e., the modified Nakagami-m function. In Error! Reference 
source not found., we show that the function matches well with the simulated probability data from 
the moment when particles were realised at the inlet till the particles’ flow become steady-state at 
long times (t = 10τ), This finding not only shows that the universal function applies to porous media 
with different levels of heterogeneity, but also indicate that the complex particle flows can be 
described statistically by the Nakagami-m parameters, m and Ω; the latter helps us to relate the 
structural and physiochemical properties of the particle-medium system to the probability distribution 
of particle velocities.  

 

 

Figure 31 – Simulation results of fluid streamlines (top left), particles’ spatial distributions (bottom left), and transient 
particles’ behaviors from t = 0.17τ to 4.28τ, where τ is the characteristic advection time of the ambient fluid. 

 

 

Figure 32 – The modified Nakagami-m function fitting of particles’ velocity probability distribution from t = 0.01τ to 10τ. 
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4 Conclusions and future steps 
Deliverable 5.4 focuses on the fluid-solid interaction on multiple scales and on multiscale fluid 
transport through heterogeneous porous matrices, with porosity ranging from the molecular (nm) to 
the macroscopic scale (> micrometer). The increased importance of such complex and multiscale 
porous materials has raised novel challenges regarding the fundamental understanding of fluid 
transport through them. In particular, the thermodynamics and dynamics of fluids confined in 
hierarchical porous media remain somewhat unclear. Among questions left unexplained are the role 
of interfaces between porosity domains, the breakdown of hydrodynamics at the nanoscale, and the 
interplay between adsorption and transport mechanisms at each pore scale. Addressing these 
questions will enable the rational design of hierarchical porous solids for many applications. We have 
discussed the applicability of each multiscale approach as well with its limitations for modelling fluid 
transport through heterogeneous porous matrices: 

- Atomistic quantum/classical equilibrium/non-equilibrium molecular dynamics (MD) simulations 
are an efficient technique that reveals a wealth of molecular-detailed properties for confined 
fluids. However, predicting transport properties of fluids in hierarchical porous materials 
consisting of thousands of pores, and ultimately within complex pore networks is at present 
unattainable with MD approaches.  

- The atomistic simulations of the behaviour of CO2-rich fluids with cement indicates that water 
plays a significant role in governing how CO2 interacts with cement. It is deduced that the rate 
limiting step in the carbonation reaction of portlandite/C-S-H and the H2O/CO2 mixture is the 
water content and the the fluid structure within the portlandite and C-S-H nanopores. As such, 
CO2 reactivity for pores with highly structured water surface layers (with no bulk-like water) is 
expected to be limited due to the attenuated inward diffusion of the CO2 molecules.  

- A possible continuation and extension of the present surface reactivity studies would be to 
upscale the models of the carbonation reactions in terms of the system size and time scale of the 
simulations. This would require switching from full-scale AIMD simulations to classical MD 
modeling techniques employing empirical reactive force fields, such as ReaxFF [215] , which 
allows modelling of relatively large realistic atomistic models. This approach, however, is highly 
dependent on the choice and accuracy of the force field parametrization. Determination of 
reactive transport properties such as permeability of CO2 within C-S-H can give important insights 
on the movement of these fluids through concrete. 

- Fluid transport properties in hierarchical porous materials can be measured by employing 
appropriate experimental tools such as pulsed field gradient nuclear magnetic resonance 
techniques and microimaging; notwithstanding, describing transport in these solids with a 
general framework remains challenging. Several models such as effective medium theory and 
simplified renormalization methods have been developed. However, despite significant progress, 
crucial questions remain to be addressed such as the role of surface energy barriers, the role of 
gas/ liquid interfaces, etc. Such effects can lead to complex activated transport mechanisms 
which remain poorly understood.  

- Lattice Boltzmann (LB) simulations are effective in studying fluid transport at intermediate length 
and time scales (i.e., the mesoscale) at a modest computational cost. Recent advancements in 
coupling MD and LB have focused on improving the description of the fluid-substrate and fluid-
fluid interactions at the meso-scale.  

- Coupling MD and stochastic approaches based on kinetic Monte Carlo with strong connections 
to experimental characterisation of the porous network features have shown the potential of 
correctly predicting fluid transport in meso- and macro-pores at a large scale while taking into 
consideration features relevant at different porosity scales, fluid-solid interactions, etc. 
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- Other approaches based on Brownian dynamics and variations of the continuum Hagen–
Poiseuille–Weissberg formalism, which appear promising for describing complex structures and 
model membranes, respectively, once atomistic MD results are used to provide input parameters. 

When transport in different porosity scales will be well-understood and robust homogenization 
techniques developed, prediction of flow through macroscopic pore networks will be achieved using 
only simple parameters describing structural characteristics of the porous solid derived using limited 
datasets and others representing the fluid properties. Such understanding will launch applications in 
many sectors, from energy to catalysis and environmental remediation. It should be emphasized that 
the approach most fruitful for a given application would strongly depend on the application itself, as 
different levels of accuracy are needed to predict, for example, the separation of multicomponent 
mixtures through a porous membrane or the gas permeability through a heterogeneous rock 
formation.   
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